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Does the parametrization reach all points of the surface? (1/8)

Figure: Steiner's Roman surface

https://upload.wikimedia.org/wikipedia/commons/e/ea/Steiner’27s_Roman_Surface.gif

An implicit formula of Steiner's Roman surface S is f = 0, where:

fi=4z*—8yx? +9x2y —8yzw2—5y3x+8y22x+y4
-2y z+3y2z —2yz + 24 — 8yx? + 8 z2% + 8y’x (1)
—Sayz — 29° + 292 — 222 + 42% — dyx + 92


https://upload.wikimedia.org/wikipedia/commons/e/ea/Steiner%27s_Roman_Surface.gif

Does the parametrization reach all points of the surface? (2/8)

o With g(s,t) := s>+ t>+s—t+ 1, consider also the following map
q\s,

7. R? — R? 2)
s2 s241%  s24sttstt
(s,8) = (q<s,t>’ ast) (i) >

e Do we have Image(7) = S?

@ A preliminary question is whether ¢(s,t) vanishes or not.

2

= Ri= PolvnomialRing([s, t » », 2]) g= s + Pas—t+1:

RealTriangularize([g], R);

[]

Figure: RegularChains:-RealTriangularize proves ¢(s,t) has no real points.



Does the parametrization reach all points of the surface? (3/8)
Let us verify that the image of the map 7 is contained in the surface S.

= f= 4. -8 y-x3 + 9-x2-y2 - 8-y-z-x2 - 5-y3-x+ 8-
y2 Z X+ y4— 2 y3-z+ 3 y2-22— 2.y Z+ - 8-y-x2+ gz +8 yz-x— B ayz—2
-y3+2 y2-2—2- y-22+4- P y-x+,v2:
= PolynomialRing([s & x » z]):
decl = Triangulavize([f], R); &= GeneralConstruct(decl[1], map(initial
Equations(deci[1], R), R), B);
decl = [regular_chain|

5= constructible_set

>q==52+32+s—t+1:
2

Fi= [q-x - 52, g-¥ - (52 + IZ), q-z- (f+st+s+ I)]:
dec? = Triangularize(F, R); ImageR = GeneralConstruct(decZ[1], map(Initial F ), R);
dec? = [regular_chain|
Imagell .= constructible_set
[+ LM1— Difference(ImageR, 5 R); IsEmpty(LM1, R);
LMI = constructible_set
true

Figure: The command Difference computes the points in the image of 7 that
do not belong to surface S, which is empty.



Does the parametrization reach all points of the surface? (4/8)
e Disproving Image(7) = S can be done by specialization
o Computing Image(7) N {y = 1} yields
202 +2x2 422 -3 —-22+41=0
e While computing S N {y = 1} brings more:

(227 —2x2+4 22 —2) (222 + 2224+ 22 —32-224+1)=0
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Does the parametrization reach all points of the surface? (5/8)

> R= PolnormialRing([s ¢ x ¥, z|)

g=SAZ2+A2+s5—1t+1:

Fu= [x*q — sA2 y¥g - (sA2 4+ tA2), z¥g-(sh2 + s¥t+ s+ 1) ]
dec? = Projection([op(F), v— 1), [ [ ] []. 3 R): Dispiay(%, R)

dx+2z—3=0 x=0 24+ (22-3)x+2—-2z2+1=0
y—1=0 dy—1=0 | y—1=0
|4£—4z—1:0 z—1=0 4F - 4z<land z—1+0

srmadtogy (9P v csz—8)y+8z+4) L4 (574 (Bz+E) ¥ 4 (-Bz2—4)y) x
it zz—+ (3l r2z+ 1)+ (28— 2 ) v+ 2

R = PolynomialRing([s. ¢ » v 2]):

decl = RealTriangularize([f v — 1], R)  Display(decl, R);

o4 (2z—3)n+F—2z+1=0 [4x+2273:0
y—1=0 y—1=0
aF_az<1 |4¥—4z—1=o
2x2+£_—2z—1]>c+22=0 [4x72271=0
y—1=0 y—1=0

aF—gz<1 |4¥—4z—1=o



Does the parametrization reach all points of the surface? (6/8)

[~ Difference(decl, dec? R): Display (% R);

x—1=0 x=10 2x—1=0 [4x—22—1=0
y—1=0 _ly—1=0 y—1=0 y—1=0
z—1=0 z=10 z—1=0 |422_4Z_1=0

2+ (-1—2zZ)n+ 2 =0
»—1=0

47 4z<land z=0and z—1=0Dand 2z— 1 =0

Figure: The points on Steiner surface S and the plane y = 1 which do not belong
to the intersection of the image of the parametrization 7 and the plane y = 1.

Observe that these calculations are done over the reals!



Does the parametrization reach all points of the surface? (7/8)

The next question
@ Therefore, Image(i) = S does not hold!
@ Next question: can we recover from S what Image(7) is missing?

@ if the missing point are Image(7) \ Image(7), then the answer is yes.

The closure of a constructible set

@ Denote by Image(7) the closure of Image(7) in the Euclidean
topology (over C).

@ Thanks to a theorem of David Mumford, Image(7) is also the closure
of Image(7) in Zariski topology.

@ Thus Image(7) is the intersection of all algebraic sets containing
Image(7).

@ By the way, Grobner basis techniques can capture Zariski closures
over algebraically closed fields.




Does the parametrization reach all points of the surface? (8/8)

= g=sh24tA24+5—1t+1:

Re=[x*g - sh2 y*g - (sA2+ 1A2), z¥g-(sr2+ s¥ 1+ 5+ 1) ]:
withl Polynominildeals)

sat= Saturate({op(R)), g):

closure_of_Image_of_y = Eliminationideal(sat {x ¥ z});

closuve_of_ Image_of_r =4 x4—8>¢3y+9x2y2—8xzyz—Sxy3+8xy22+y4—2yaz
+3y222—2y23+z4—8x2y+8><22+8xy2—8xyz—2y3+2y22—2y22+4x2

—4xy+y7)

Figure: Closure of Image(7).

@ We retrieve the polynomial defining the implicit representation of S

@ According to the so-called Elimination Theorem (see the book Ideals,
varieties and Algorithms) the algebraic set of the elimination ideal
ITCK[zy < <zp]wrt zq,...,2, (for some 1 < k < n) is equal
to the Zariski closure of the projection of V(Z) onto 1, ..., xk.



Summary 1

e Computing Zariski closures of constructible sets (that is, systems of
polynomial equations and inequation) and semi-algebraic sets (that is,
systems of polynomial equations and inequalities) appear naturally in
practice: reachable sets, projection of constructible sets and
semi-algebraic sets.

@ Grobner basis techniques can deal with the case of constructible sets.

@ We are mainly interested here with the real case, that is,
semi-algebraic sets .



Topological closure and limit points

Let (X, 7) be a topological space and S C X be a subset.
Topological closure

The closure of S, denoted S, is the intersection of all closed sets
containing S.

Limit point
@ A point p € X is a limit point of S if every neighbourhood of p
contains at least one point of S different from p itself.

@ The limit points of S which do not belong to S are called non-trivial,
denoted by lim(5S).

Properties
o If X is a metric space, the point p is a limit point of S if and only if
there exists a sequence (x,,,n € N) of points of S\ {p} such that

limy, 00 Tn =p .

e We have S = S U lim(S).




Zariski topology and the Euclidean topology

The relation between the two topologies
o With K = C, the affine space A?® is endowed with both topologies.
@ The basic open sets of the Euclidean topology are the open balls.

@ The basic open sets of Zariski topology are the
complements of hypersurfaces .

@ Thus, a Zariski closed (resp. open) set is closed (resp. open) in the
Euclidean topology on A%,

@ That is, Zariski topology is coarser than the Euclidean topology.

The relation between the two closures (D. Mumford)
o Let V C A?® be an irreducible affine variety.
o Let U C V be nonempty and open in Zariski topology induced on V.

Then, U has the same closure in both topologies. In fact, we have

v=U" =T".




Limit points: a first example

@ Let S be the zero-set of a polynomial system and S be the
topological closure .S in the Euclidean topology.

e It can be proved that the set-theoretic difference S\ S can be
obtained via a limit computation process illustrated below

Consider S below together with a Puiseux series expansion around z = 0:

) _ s
— 2= =1
S = 253?_ zy4 = O0 and Z i i4/5
z#0 140
Then we have:
x(t) 0 B 0
limg o [ y(t) | =1 0 and S\S=1[ 0




Limit points: a second example

Consider S below together with a Puiseux series expansion around z = 0:

Z:C—yzzo x:t;/ls/5
S:=¢{ y°—22=0 and yii
z2#0 =
t#£0
Then we have:
x(t) +o0
limgo [ y() | =1 0 and S\ S =10




The Puiseux series solutions of a regular chain (1/2)

Regular chains in a nutshell

@ Regular chains generalize the concept of triangular system from linear
algebra to polynomial algebra.

@ Thus, they are polynomial systems with a triangular shape and
additional algebraic properties which support a
back substitution process .

@ Every (non-constant) bivariate polynomial forms a regular chain.

The solutions of a regular chain

@ Like Grobner bases, regular chains can be used to compute and
describe the solutions of polynomial systems over algebraically closed
fields, say C.

@ Regular chains can also be used to solve over real closed fields, say R
but also Puiseux series.




The Puiseux series solutions of a regular chain (2/2)

with(AlgebraicGeometryTools) :

R := PolynomialRing([x, y, z]):

rc := Chain([-z"2+y, x*z-y~2], Empty(R), R):
br := RegularChainBranches(rc, R, [z]);

vV V. V Vv

2 3
br := [[z=T,y=T, x=T1]]
> rc := Chain([y~2*z+y+1, (z+2)*z*x"2+(y+1)*(x+1)], Empty(R),R):
> RegularChainBranches(rc, R, [z]);

2 2
(T-2) (T +4) (T -9T - 54)
[[z=T,y=-T-1, x= 1,
432
5 11 4 3 2
[z=T,y=-T-1, x=-1/432 T +-—-T +5/432 T -5/216 T + 1/12 T - 1/2]]

432



Limit points: yet another example

R:= PolynomialRing([x, y, z]) : vc :== Chain([-yA3 + yA2 + zA5, zA4* x + yA3 - yA2], Empty(R), R) :
Display(rc, R);

2 x+ y3 — y2 =0
VY47 =0
20
RegularChainBranches(rc, R, [ z]);

LS (1% 4 2 Rootop(_Z2 + 1)), x=

p— 2 —
Z—T,y—2

% 72 (-7 + 6 T*° Rootof(_Z% + 1) + 10 T*°

+3)

z2=T"y= f% T2 (1° + 2 RootOf (_Z* + 1)), x = (1%° 46 T RootOf(_2* + 1)

~10 '1'1078)], [2=Ty=T"+1,x=-T(T""+2 7"+ 1)]]

Ip == LimitPoints(rc, R) : Display(Ip, R);

bd
Il

N
I
© o ©
<
|
—
I
o

Figure: Computation of (non-trivial) limit points with the RegularChains library



Limit points: statement of our quest

o Let R:= {ta(x1,22),...,tn(z1,...,20n)}
o We regard t; as a univariate polynomial w.r.t. z;, fori =2,...,n:
@ We denote by h; the leading coefficient (also called initial) of ¢; w.r.t.
xi, and assume that h; depends on x; only; hence we have
t, = hl(xl)xgll + Cd,-—l(xl, e ,:Ei_l)x;-iiil + - teo(zr,y ... mimy)
o Consider the system

tn(z1,...,2,) =0

W(R): =<} -
to(x1,29) =0
(ha -+ hn)(x1) # 0
Main Goal
@ Where do the points of W(R) go when x1 approaches a root of
By« hy?

@ In other words, we want to compute the points which belong to the
topological closure of W (R) but to W (R) itself.




Limit points: yet again another example

[ R PolynomiaiRmg([x ¥ z])
vo= Chain([yA(3)-2% ¥A(3)+ yA(2) + 2+ (5), 24 (4)* x+ yA(3)-yA(2)], Emptv(R), R): Displav(rc R);

by = RegulavChamBranches(vc R | z], coefficient = complex);
P at ,va - y2 =0

'—y3+,v2+25=0

’ 20
bro= [z: T = % T (-7 + 2 Rootof(_2% + 1)), x = 7% T2 (-7 + 6 T Rootof(_Z7 + 1) + 10 T + 8]}
2=T% y= —% 5 (15 4+ 2 Rootof(_22 + 1)), x= % 2 (12 4 6 T Rooror(_28+1) —10 T — 8)| [z

:T,y:T5+lJx:—T(TlO+2T5+1H]

o b= RegularChainBranches(rc R | z|, coefficient = real);
pri=llz=Ty=T"+La=-T(TP+27°+1)]]

Figure: The command RegularChainBranches computes a parametrization for
the complex and real paths of the quasi-component defined by rc. When
coefficient argument is set as real, then the command RegularChainBranches

computes the real branches.



Application 1: limit of multivariate rational functions

24322 y—a?—y?
2. . JA @2ty :
origin. On the right: the three paths of discriminant variety of ¢ going through

the point (0,0,-1).

Figure: On the left: the surface defined by ¢ := = z around the



Application 2: tangent cone computations

Figure: The tangent cone of the “fish” given by f :=y? — 22 (z +4) = 0 at the
origin consists of two tangent lines: y =2x and y = —2x.



Application 3: computing intersection multiplicities

> Fi=[(2? + y)? + 32%y — o3, (2% + y?)% — 4a%y?]
> plots[implicitplot](F's,z = —2..2,y = —2..2) :

\

> R := PolynomialRing ([z, y], 101) :
> TriangularizeWithMultiplicity (F, R);

M)

The command RegularChains:-TriangularizeWithMultiplicity computes the
intersection multiplicities for each point of V(F). In the above Maple

session, computations are performed modulo a prime number for the only
reason of keeping output expressions small. The same calculations can be
performed with the TriangularizeWithMultiplicity command over the reals.



Summary 2

@ The theory of regular chains allows us to reduce the question of
computing limit points of constructible sets and semi-algebraic sets to
that of computing limit points of zero sets of regular chains.

@ We will restrict ourselves here to regular chains in dimension 1, that
is, where only one variable is free.

@ Then, the above question can be solved by computing the Puiseux
series solutions of regular chains.



Plan

© Polynomials over Power Series
@ The Ring of Puiseux Series
@ The Hensel-Sasaki Construction: Bivariate Case
@ Limit Points: Review and Complement



Plan

@ Motivating Examples

© Polynomials over Power Series
@ The Ring of Puiseux Series

© Applications



The ring of Puiseux series (1/9)

Definition
@ For m > 1, there is an injective homomorphism
C[[X]] = C[[T]], X = T™.
@ We regard this as a ring extension
1
ClIx1] < C[[T]] = C[[X=]]
o If m = kn, there are injections
Cl[X1] = C[[T1] — C{[S]],
X =T T Sk
X = (SF)r = 5™,
which can be regarded as inclusions
1 1
ClIX1] < Cl[x=]] < Cl[X=]].
@ Continuing in this way, we define
* ) 1
ClIX*) = U,z CliX-11.
@ This is an integral domain that contains all formal Puiseux series.




The ring of Puiseux series (2/9)

Definition

For a fixed ¢ € C[[X*]], there is an n € N such that ¢ € C[[X%]]. Hence
e=>_ amX n, where a,, € C.

and we call order of ¢ the rational number defined by

ord(¢) = min{™ | a, # 0} >0.

Lemma

Every monic polynomial of C(X)[Y] splits into linear factors in C[[X*]][Y].

v

Proof of the lemma (1/3)

o Let f € C(X)[Y] be monic and k := deg(f). There exist
ki,...,k- € N5 and pairwise distinct c¢1,...,¢c. € Cs, t. we have

f(0,Y)= (Y — cl)k‘l - cr)k,«_




The ring of Puiseux series (3/9)

Proof of the lemma (2/3)

@ By Hensel's Lemma, there exist monic polynomials

fi, .oy fr € C(X)]Y] such that £;(0,Y) = (Y — ¢;)* and
f=he b

o If some i, we have ¢; = 0, then the Weierstrass preparation theorem
can be applied to f;, so f; = a;p; where p; is a Weierstrass
polynomial of degree k; and «; is a unit.

e If g is an irreducible factor of p;, say of degree ¢, then ¢ is itself a
Weierstrass polynomial. Moreover, the geometric version of Puiseux’s
theorem implies the existence of Puiseux series ¢1, ..., ¢; € C[[X*]]
of positive order such that we have

X,Y) = (Y = d1(X)) - (Y = ¢(X)).
@ Thus, there exist Puiseux series ; 1, ..., ik, € C[[X*]] s. t. we have
pi = (Y =¢ii(X)) - (Y = 0ig; (X))
and ord(y; ;) > 0 forall 1 < j <k;.




The ring of Puiseux series (4/9)

Proof of the lemma (2/3)

@ For each 14, such that ¢; # 0 holds, we apply the change of
coordinates Y =Y + ¢; and set f;(Y) = f;(Y). After returning to
the original coordinate system, this gives a factorization of p; similar
to the one in the previous case (that is, the case ¢; = 0) up to the
fact that ¢; j = ¢; + -, thatis, ord(y; ;) =0 forall 1 < j < k;.

@ Putting things together, we define p := p1 - - - p, and we have

P = H (Y - (pl,kz(X)
1<i<r
1<) <k

@ Since f and p have the same roots (counted with multiplicities) in
C[[X*]] and are both normalized, we conclude f = p.




The ring of Puiseux series (5/9)

Notation
We denote by C((X™)) the quotient field of C[[X*]].

Remark

In the previous lemma, the hypothesis f monic is essential. Consider
f=XY2+Y +1. Wewrite f = Xg(1/X,Y) with

g(T,Y)=Y?4+TY +T. The previous lemma applies to g which yields a
factorization of f into linear factors of C((X™))[Y].

Definition

Let ¢ € C[[X*]] and n € N minimum with the property that ¢ € (C[[X%]]
holds. We say that the Puiseux series ¢ is convergent if we have

¢ € C(X). Convergent Puiseux series form an integral domain denoted by
C(X™*) and whose quotient field is denoted by C((X*)).




The ring of Puiseux series (6/9)

Proposition
For every element ¢ € ((X*)), there exist n € Z, r € N5 and a sequence
of complex numbers a,,, ap11, Gpio, ... such that

¥ = ano:n amX% and a, # 0.

and we define ord(y) = 7. The proof, easy, uses power series inversion.

Remark

Formal Puiseux series can be defined over an arbitrary field K. One
essential property of Puiseux series is expressed by the following theorem,
attributed to Puiseux for K = C but which was implicit in Newton's use of
the Newton polygon as early as 1671 and therefore known either as
Puiseux’s theorem or as the Newton—Puiseux theorem. In its modern
version, this theorem requires only K to be algebraically closed and of
characteristic zero. See corollary 13.15 in D. Eisenbud’'s Commutative
Algebra with a View Toward Algebraic Geometry.




The ring of Puiseux series (7/9)

Theorem

If K is an algebraically closed field of characteristic zero, then the field
K((X™)) of formal Puiseux series over K is the algebraic closure of the
field of formal Laurent series over K. Moreover, if K = C, then the field
C({(X™)) of convergent Puiseux series over C is algebraically closed as well.

v

Proof of the Theorem (1/3)

@ We restrict the proof to the case K = C. Hence, we prove that
C((X™*)) and C((X™*)) are algebraically closed. We follow the elegant
and short proof of K. J. Nowak which relies only on Hensel's lemma.

o It suffices to prove that any monic polynomial f € C((X™*))[Y] (resp.
feCXNIY
FXY)=Y"4+a(X)Y" 1+ 4 ay(X)
of degree n > 1 is reducible.




The ring of Puiseux series (8/9)

Proof of the Theorem (2/3)

Making use of the Tschirnhausen transformation of variables

Y =Y + 1a(X), we can assume that the coefficient a;(X) is
identically zero. W.l.o.g., we assume a,(X) not identically zero.
For each k =1,...,n, define r, = ord(ar(X)) € Q, unless ay is
identically zero.

Define r := min{ry/k}. Obviously, we have ri/k —r > 0, with
equality for at least one k.

Take a positive integer g so large that all Puiseux series ax(X) are of
the form f,(X/9) for f;, € C[[Z]] (resp. fx € C(Z)). Let r:=p/q
for an appropriate p € Z.

After the transformation of variables X = w4, Y = U - wP, we get
[(X,)Y)=w" Q(w,U), where

Q(w,U) = UM +bo(w)U" 2+ -+by(w) and bg(w) = ag(w)w*?.




The ring of Puiseux series (9/9)

Proof of the Theorem (3/3)
@ Observe that ord(b;(w)) € Z and satisfies in fact
ord(bg(w)) =q- 1 —k-p=q-k(rg-k—r)>0.
@ Therefore Q(w,U) is a polynomial in C[[w]][U] (resp. C(w)[U]).

o Furthermore we have ord(b;(w)) = 0 for at least one k. Thus, for
every such k, we have b;(0) # 0.

@ Therefore, the complex polynomial
Q(0,U) = U™+ ba(0) U™ 2 + -+ +b,(0) 2 (U — c)"
for any c € C.
@ Hence, Q(0,U) is the product of two coprime polynomials in C[U].

@ By Hensel's lemma, Q(w, U) is the product of two polynomials
Q1(w,U) and Q2(w,U) in C[[w]][U] (resp. C{w)[U]).
@ Finally, we have
FX,Y) = X" QXY X7TY) - Qa(X V9, XTTY).
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The extended Hensel construction (EHC)

Goal
e Factorize F(X,Y) € C[X,Y] into linear factors in X over C({Y™*)):
FXY) = (X —xa(Y)(X = x2(Y)) - (X = xa(Y))
where each x;(Y) is a Puiseux series.

@ Thus offers an alternative algorithm to that of Newton-Puiseux.

Remarks

@ The EHC generalizes to factorize polynomials over multivariate power
series rings

@ Hence, the EHC has similar goal to Abhyankar-Jung theorem

@ However, it is a weaker form:

® |ess demanding hypotheses, and
® weaker output format, making it easier to compute.




An example with the PowerSeries library

> P := PowerSeries([y]):
> U := UnivariatePolynomialOverPowerSeries([yl, x):
> poly := y72 *x + y"2 - y*x"3 - y*x"2 + y -x72;
3 2 2 2 2
poly :=-x y-xX y+xy - X +y +y
U:-ExtendedHenselConstruction(poly, [0],3);
-T -1 2 2 2 2
[ly =T, x = -—————- 1, ly=T,x=-T1, [y=T, x=T1]
T
4 1
|
|
| —



Another example

_> Pi=

FowerSeries([y, z]):
o

UnivarigtePolmormialOverPowerSeries( [y, z], %)
poly =y 4 (-2 - y+z+1)x+y:
U-ExtendedHenselConstruction( poly, [0, 0], 3);

~RootOf(_Z% + y) + Rootof(_Z% + ) y— % Rootof (L2 + y) z+ = 37
X =

¥
Rootof(_Z% + y) — RootOf(_Z2 + ) y + = Rootof(_Z2 4 y) z+4 = 32
X =

¥

[x=-¥]




Related works (1/2)

© Extended Hensel Construction (EHC):
® |ntroduction: F. Kako and T. Sasaki, 1999
® Extensions:
e M. lwami, 2003,
D. Inaba, 2005,
D. Inaba and T. Sasaki 2007,
D. Inaba and T. Sasaki 2016.

@ Newton-Puiseux:
® H. T. Kung and J. F. Traub, 1978,

® D. V. Chudnovsky and G. V. Chudnovsky, 1986
® A. Poteaux and M. Rybowicz, 2015.



Related works (2/2)

@ The Extended Hensel Construction (EHC) compute all branches
concurrently

@ while approaches based on Newton-Puiseux computes one branch
after another.

For F(X,Y):=-X34+Y X +Y:
@ the EHC produces
0 xu(Y):= Y% +3Ys
9 x2(Y):= %
® xs(Y) = (F5) Y+ 5 () yE




Related works (2/2)

@ The Extended Hensel Construction (EHC) compute all branches
concurrently

@ while approaches based on Newton-Puiseux computes one branch
after another.

For F(X,Y):=-X34+Y X +Y:
@ the EHC produces
@ xi(Y)=Y5+3 Y%+O( Y).
@ y2(Y):= 1-&-\/7Y3 _|_
® (V)= (0 v 43 (S v o)
@ Whereas Kung-Traub's method (based on Newton-Puiseux) computes

E
5
_|_
)
=

0 1 (Y):=Y5+1Y34+0(Y),



Related works (2/2)

@ The Extended Hensel Construction (EHC) compute all branches
concurrently

@ while approaches based on Newton-Puiseux computes one branch
after another.

For F(X,Y):=-X34+Y X +Y:

@ the EHC produces
0 1 (Y):=Y35+1Y3+0(Y),
@ xa(Y) = 1+FY3+ LSS Yo,
@ xs(Y) = (= F)Yw () vE+ o).

o (Y):=Y5 + % Y3 +0(Y),

2 x2(Y):=0Ys3 +

0 x3(Y)=02Y5 +
for § € C such that 03 = 1,6% # 1,0 #1, since F(X,Y) is a
Weierstrass polynomial.

H
w\m“‘%



Overview

Notations
o Let F(z,y) € Clx,y] be square-free, monic in z and let d := deg, (F).
o Note that assuming F'(z,y) is general in x of order d = deg, (F) (thus
meaning F(z,0) = % and F(z,y) is a Weierstrass polynomial) is a
stronger condition, which is not required here.
@ On can easily reduce to the case where F' is monic in x as long as the
leading coefficient of F' in & can be seen an invertible power series in

C(y).

Objectives

@ The final goal is to to factorize F' over the field C({(y*)) of convergent
Puiseux series over C.

@ This follows the ideas of Hensel lemma: lifting the factors of an initial
factorization.

o If the initial factorization has no multiple roots, then we are able to
generate the homogeneous parts (one degree after another) of the
coefficients of the factors predicted by Puiseux’s theorem.




Newton line (1/2)

Definition

@ We consider a 2D grid G where the Cartesian coordinates (e, e,) of a
point are integers.

@ Each nonzero term cxz® y® of F(x,y), with ¢ € C is mapped to the
point of coordinates (e, e,) on the grid.

o Let L be the straight line passing through the point (d,0) as well as
another point of the plot of F' such that no points in the plot of F' lye
below L; The line L is called the Newton line of F.

e, } F =23 - z%y% — ap® + ot




Newton line (2/2)

>F :=x"3 - x72 % y°2 -xxy~3 + y~4;
2 2 3 4 3
F:i=-=xy -xy +y +x
> U := UnivariatePolynomialOverPowerSeries([y], x):
> U:-ExtendedHenselConstruction(F, [0],2);
5 6
3 4 5 T T
(ly =T, x=T % -1/3T %1+ -+ -——-1],
3 3
3 4 5 6
x=-T -1/3T +1/37T],

I
|

Ly
6
3 4 4 5 T
-T %1 +T +1/3 T %1 + -——-1]
3

I
|_]
o]

1]

Ly

%1 := Root0f(_Z - _Z + 1)



Newton polynomial

Definition

The sum of all the terms of F'(z,y), which are plotted on the Newton line
of F is called the Newton polynomial of F and is denoted by F(¥) (z,y).

Remarks

@ The Newton polynomial is uniquely determined and has at least two
terms.

@ Let § € Q such that the equating of the Newton line is
ex/d+ey/d =1.

@ Observe that F(O)(z,y) is homogeneous in (z,4°%/9) of degree d.

e Thatis, F(O)(z,y) consists of monomials included in the set
(2, 2= 1y0/d gd=2,28/d  ,dé/d}




Factorizing Newton polynomial (1/2)

Notations

Let r > 1 be an integer, let (1,...,( € C, with (; # (; for any i # j and
let mq,...,m, € N be positive such that we have

F0) (x,1) = (& — )™ - (& — G)™.

Recall that F(O)(z, ) is homogeneous in (z,1%/?) of degree d.

Lemma

We have:

FO(z,y) = (z = Q4™ - (x — Gyl )™

Proof of the lemma

o It is enough to show that ((;1%/?, ) vanishes F(©)(z, ) for all y.
o Define §j = y%/% such that F()(z, ) is homogeneous of degree d in

(,9).
o Since each monomial of F(9)(z,) is of the form z®*y° where

ez + ey = d, we have

FOGgp=9" () =0
——
some constant terms

@ The last equality is valid since F(9)(¢;, 1) = 0 clearly holds.




Factorizing Newton polynomial (2/2)

>F 1= x"3 - x72 % y"2 -xxy"3 + y~4;
2 2 3 4 3
F:=-x y -xy +y +x

> L :=x"3 - y'4;
4 3
L:=-y +x

> PolynomialTools:-Split(eval(L, [y=11), x);
2 2
(x = 1) (x - RootOf(_Z + _Z + 1)) (x + 1 + Root0f(_Z + _Z + 1))

> U:-ExtendedHenselConstruction(F, [0],1);

5 6
3 4 5 T T
[ly=T,x=T % -1/3T %1 + ———— + -———-],
3 3
3 4 5 6
[y=T,x=-T -1/3T +1/3T],
6
3 4 4 5 T
[y=T,x=-T % +T +1/3T %1 + -—-1]
3

%1 := Root0f(_Z - _Z + 1)



The moduli of the Hensel-Sasaki construction (1/2)

Notations

Let §,d € Z>° such that:
6/d=26/d, gedd,d=1

Choosing such integers 5, dis possible since § € Q and d € N0,

Lemma

Each non-constant monomial of F(x,y) is contained in the set

{xdy(k+0)/c?7 xd—ly(k+5)/d7 $d72y(k+25)/627 o 7x0y(k+d3)/ci |k=0,1,2,...}.

b

Proof of the lemma

@ It is enough to show that for each exponent vector (e, e,) which is not
below the Newton's line, there exists i, k such that we have
xezyey _ xdfiy(kJrié)/d.

@ Given such an exponent vector (e, e, ), let us choose i = d — e, and
k= ey(f —ib.

@ One should check, of course, that k£ > 0 holds, which follows easily
from e, /d+ e, /0 > 1.




The moduli of the Hensel-Sasaki construction (2/2)

Notations
The previous lemma leads us to define the following monomial ideals

S, = <a,yf/d>d x <yl/dsk
= <z xd—1y5/d’ xd—2y25/dA’ o ,$Oyd5/d> % <y1/c2>k
<ply(k+0)/d _pd=1y (k+8)/d yd=2, (k+28)/d 1.0, (k+dd)/d,

Remark

@ The generators of <z, y%?>% are homogeneous monomials in (z,°/%)
of degree d. A

@ We can view Sy, as a polynomial ideal in the variables z and y'/%; note
that the monomials generating Sy regarded in this way do not all have
the same total degree.

@ We shall use the ideals Si, for k. = 1,2, ..., as moduli of the
Hensel-Sasaki construction to be described hereafter.

e We have F(z,y) = FO(z,5) mod S0,




Algorithm

Algorithm 1: EHC_Lift(F, k)

begin
Compute the Newton polynomial F(©) and 5. d;
Compute Ggo) = (X —-GY)™, with 1 <i<r;
Compute the Yun-Moses polynomial WZ@ fore=1,---,r and
£=0,....,d—1;
for j=1,...,k do
Compute AFU)(X, Y) = F(X,Y) [T, GY™" mod Sj1;
Compute AGE - WZ@ é(]), fori=1,---,r
Let GV = GY~ 1)+AG( Dfori=1,---,r
return ng), cee ng);




Algorithm

Algorithm 2: EHC_Lift(F, k)

begin
Compute the Newton polynomial F(9) and 4, d;
Compute a0 = (X = GY)™, with 1 <i <,

i

Compute the Yun-Moses polynomial Wz@ fore=1,---,r and

0=0,---,d—1;
forj=1,...,k do
Compute

AFU(X,Y):= F(X,Y) - I\, GZ(-j_l) mod Sj41 ;
Compute AGE‘” = Z;'gl 1/1”7,1-(5),]"(?‘].), fori=1,---,r
Let GV =G 4+ AGY fori=1,--- ,r;

return ng), ey Gq(nk);




Algorithm

Algorithm 3: EHC_LIiftF, k

begin
Compute the Newton polynomial F(© and 4, d;
Compute GEO) = (X —=¢GY)™, with 1 <i <,

Compute the Yun-Moses polynomial Wi(ﬂ) fori=1,---,r and

L=0,---,d—1,;

forj=1,...,k do
Compute AFY(X,Y) := F(X,Y) -] lGEj*]) mod Sj1;
Compute AGU) 7761 U ©) }‘[m fori=1,---,r;
Let GY) = G“ REwNe forz,:l,--- e

return ng), .. ng),




Example of Extended Hensel Construction

Consider
F(m,y):x5+x4y—2x3y—2x2y2+m(y2—y3)+y3. (4)

Then, we have

o d =deg,(F(z,y)) =5,

o Newton line: e,/5+¢e,/2.5 =1

0 0/d=1/2=46/d

o Sy =<, ztyl/2, 13y, a2 2, wy?, 452>
F(O)(x,y) =2’ 2%y +axy=x(z+ y1/2)2 (x — y1/2)2
Note that

FO@z,1)=2(x+1)?(z —1)2 (5)



Example of Extended Hensel Construction

Hence, we can put
G =2,G = (@ + 912G = (o -y

Yun-Moses polynomials are calculated as,

W1(0) — yl/2 WQ(O) _ _%xyuz _ %y WS(O) — _lyyl2 4 zy
Wl(l)zo W2(1)21$y1/2+1y Wg(l): Ly yl/2 4 Ly
WP —o Wi -ty Wi~ by

W1(3) -0 W2(3) _ _%xyyz W3(3) _ iwyl/Q

W1(4) -0 W2(4) = lagl/2 ¢ %y W3(4) _ %xyl/Q Ly



Example of Extended Hensel Construction

For
So :<~T5 Y, 3543/3/27 35392, x2y5/2, xy?’a y7/2>
We have,
AF® F-GP6¢Y6"Y mod S,
= 2y — 2222 — a4y
_ y1/2 . :v4y1/2 . 2y1/2 . x2y3/2 + y1/2y5/2

The last representation of AF() in the last equation is for the purpose of
computing fz(l) for{=0,...,d—1in

(@2
=

AF®) =N pRgd=tpl when k=1

~
Il
=)



Example of Extended Hensel Construction

Therefore,
f(l 1/2 f(l 2y1/2’f(§1) _ yl/Q’f?El) _ 1(1) =0

Considering the above polynomials and also the Lagrange's interpolation
polynomials, we obtain:

° Ggl):G( )—I—Wl() ()—T+1/

o G =GP + WiV iV Wi iV WP 5D = (a4 y/?)?

° Ggl) —_ G:(;)) 4 WS( ) (1) + W?)(O)f + W3(2)f2(1) — (T _ yl/2)2



Example of Extended Hensel Construction

Now for S5 =<ady?/2, xty2, 23y5/2, 22y3, xy7/2, y*>, we have

F-cMePal) mod S
_y . $y2 :

AF®)

Hence,

1 =i’ =57 =57 =17 =0
And then we obtain,
° GgZ) :Ggl)+0:x+y
o Gg2) _ Ggl) + W2(1)f1(2) = (z _|_yl/2>2 _ (%11’3/3/2 + %yz)
o ng) _ Ggl) + Wg(l)fl(2) = (z— 111/2)2 + (L;Lmya/Q _ %yz)



Example of Extended Hensel Construction

Continuing two more iterations, we have

o GW=utyty?

4 1 3 ) . 5 .
o GiY = (v +y2)? - (hoy? + 37 — (Jav* + 3v%) — (Fay? + 3v?)

4 1. ¢ 3 5 = 5 .
o G = (z—y2)? + (hoy? — 3% — Gay® + 3u3) + (Bay? - 3P

We note that Ggg and G§4) can be written as:
o G — Gl 4 y12G
° G§4) _ Gg;l) _ yl/zGE;l)
where
° ng‘):xQ—ky—% 2—%xy2—§y3
° fo) = 2x — %xy— %yQ — %azyg

Note: G§°°) € Clz,y], since FO(z,y) = z(z* — 222y + 3?)



Yun-Moses Polynomials (1/3)

Assume G1(X,Y),...,G-(X,Y) are homogeneous polynomials.
Regarding them as polynomials of C(Y)[X], further assume

ged (G,,@]) =1fori#j,

Let d := deg(G1(X,Y) ... G.(X,Y)). Then, for each ¢ € {0,...,d — 1},
there exists a unique set of polynomials

{Wi(é)(X, Y)e C(Y)[X]|i=1,...,r} satisfying
0 (G1---Gr @) Gi---Gr\ _ Xty d-t
Wl < Gl ) + + Wr Gr - )

where degy (W9 (X,Y)) < degy (G4(X,Y)), i=1,....r.



Yun-Moses Polynomials (2/3)

Key observation

Let us fix i := A. Writing Wy = 57wy ;(¥) X7, we have

-1
L g (Xjﬂ)‘ wf) = O (xty)
 0Xr\ Q) Ix=qv

J]=

where ¢, is a root of F(O(X,1) and m,, is its multiplicity

Consequences

@ This is a system of linear equations WAX/{Z) = BE\@.

@ The matrix W, is a Wronskian matrix.




Yun-Moses Polynomials (3/3)

The inverse of W, is VV/\_1 = My M7 where My and My are square matrices of
order my, defined as follows. The matrix M7 writes
My = My, 1)~ M11 Mg such that, for j =0,---,my — 1, we have

. 0o --- 0 0 0 -+ 07
01 --- 0 0 0 --- 0
00 -+ 1 0 0 --- 0
Miyj=10 0 --- ﬁ 0 ---
j+1y =f
0 () 1
00 -~ 0 (m*j—l)w 0 - 1]

Hence, the matrix My, differs from the identity matrix only in its (j + 1)-th
column. The matrix My is an upper triangular matrix My = [y, ] with

Yik = (—1)f+k(kﬁj)¢§—j1>k—j if j <k and v =0if j >k, for

J, ke {0,1,...,m)\71}.



Matrix M

Ny N

Matrix Moy
Matrix W, ! = MyM,




Complexity Result:

Theorem 1:

One can compute all the Yun-Moses polynomials Wi(g) (0<e<d-1,
1 <i <), within

e O(d?) operations in C, or

e O(d®>M(d)) operations in the field of coefficients of F/(X,Y).




Algorithm

Algorithm 4: EHC_LIiftF, k

begin
Compute the Newton polynomial F(© and 4, d;
Compute GEO) = (X —=¢GY)™, with 1 <i <,
Compute the Yun-Moses polynomial I’I/’i(é)
0=0,---,d-1;
forj=1,...,k do
Compute
AFD(X,Y) = F(X,Y) - -, GY mod 5, ;
Compute AGE‘” = 22'1:61 I/Vi“)f;”, fori=1,---,r;
Let Gg‘j) =GV 4 AGE‘D fori=1,---,r

i

return ng), e ank);

fori=1,---,r and




Computing AFU)(X,Y)

Goal
AFO(X,Y) = F(X,Y) =TI, GV mod §j41

Oobservation
G(] 2) G(O) -}-AG(l) . —f-AGEj_Q)
° G(] 1) G(O) —f-AG(l) . —|—AG§]72) _i_AGEJ*l)

Hence, we aim at recycling terms in the product [/_, G " mod S;4;
computed from previous iterations.

Notations

0 Pit = Hz LG® mod Sy
[2) Pf“ =11, G,Ek) mod Sy, for j =3,...,7

We want

P =TT7_, G mod Sy




Computing AFU)(X,Y)

Initially define: le = Ggo) e G§0) mod Sy, for j =2,---,r. and

recursively compute:
Pyt =Py (AJAS+ AFADYF + (ATAS 4+ + AFAD Y = HG
Now for j = 3,...,r, define
Pf = Pﬁng.k_l) mod Sky1
and assume qu is recursively given by
g = pIIOAR £ M HAY with bt = ABAT + AJAT. (6)

where pj_l’ is the coefficient of Y0 in Pffll. We can compute

Pf“ _ ij n qf—i-l}}k I (pj+1 1Ak Jrpkz+1 "““AO) yh+L — HG



Computing AFU)(X,Y)

P} P Py Py
Pl P2 P2 P} Py
P} P P P} Py
Pl P P P Py
P} Py P Py Py




Computing AFU)(X,Y)

ooy @—@)—r—ri—n
net @—rn—r—nrn—rn
P} P P P} Py
Pl P P P Py
p} Py P Py Py




Computing AFU)(X,Y)

0 0
o @@ @
Q-

o @

Py

Py Py

P} P P}

P} P} P} P}
Pi P Py P
P} P} P Py




Computing AFU)(X,Y)

GO GO @_,@_,a_,@_, P
riG @—»@—»@ P2 P2
j2rely @—»@ P} P} P
G @ P P P P




Computing AFU)(X,Y)

2 @-Q-@-Q- @
- Q- Q- @-@—i—
“ @-0-Q
ret @—@)—r—r—r
j2¥el @ P} P Ps P

<9,
<Y,




Computing AFU)(X,Y)

i @-Q-@-@-0@
“ O-0-0-@-Q
o @-Q@-@-@i—
e @—@—@Q—r—r
PGy @—»@ I P P




Computing AFU)(X,Y)

Ggo) Géo)

pay

PGy

PGy

piay

00000
00000
00000
0000  —
000

%,

P




Computing AFU)(X,Y)

Ggo) Géo)

pay

PGy

PGy

piay

00000
0000
00000
0000
000




Computing AFU)(X,Y)

Ggo) Géo)

pay

PGy

PGy

piay

00000
00000
00000
0000
00008




Complexity result:

Theorem 2:
he k-th iteration of Step 9 in the Algorithm 4 runs within
e O(kdM(d)) operations in C,
o O(kdM(d)?) operations in the field of coefficients of F(X,Y).




Comparative complexity results

Theorem 3:

Our enhancement of the EHC computes all the branches in O(k? d M(d))
operations in C, using a linear lifting scheme.

Kung-Traub, 1987
The first k iterations of Newton-Puiseux on an input bivariate polynomial of
degree d computes all branches within
o O(d?>kM(k)) operations in C using a linear lifting scheme (Theorem 5.2
in their paper)
e O(d*M(k)) operations in C using a quadratic lifting scheme (Corollary
5.1 in their paper)

D. V. Chudnovsky and G. V. Chudnovsky, 2015

The latter estimate reported by Kung and Traub is improved to O(d? k)
operations in C for computing all the branches.

Remark

A quadratic lifting scheme for the EHC is work in progress.
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Limit points of (the quasi-component of) a regular chain

o Let R:= {ta(x1,22),...,tn(z1,...,2n)} where t; has its coefficients
in C.
o We regard t; as a univariate polynomial w.r.t. z;, fori =2,... n:

e We denote by h; the leading coefficient (also called initial) of ¢; w.r.t.

x;, and assume that h; depends on x1 only; hence we have
d; di—1
t; = hl(xl)xz +cdi_1($1,...,xi,1)xi —{—"-—i-Co(.rl,...,:L‘i,l)

o Consider the system
tn(x1,...,20) =0
W(R) =< -
ta(x1,22) =0
(hg- - hn)(x1) # 0

@ We want to compute the non-trivial limit points of W (R), that is

lim(W(R)) := W(R) \ W(R).



Puiseux expansions of a regular chain (1/2)

Notation
@ Let R be as before. Assume R is strongly normalized, that is, every
initial is a univariate polynomial in x;
o Let K= C((x})).
@ Then R generates a zero-dimensional ideal in Clza,. .., x,)].
e Let V*(R) be the zero set of R in K*~1.

Definition

We call Puiseux expansions of R the elements of V*(R).




Puiseux expansions of a regular chain (1/2)

A regular chain R

R.— X1X§ + X5
Tl Xi X3+ Xo+ Xy

Puiseux expansions of R

X3 = 1+0(X}) X3 = —1+0(X7)
Xy = —X1+0(X? Xy, = —X1+0(X?)

)
X3 X1 - 1X + O(X}) X; = —Xi '+ 11X +0(X?
Xy, = X1 '+ X1 +0(X?) X, = X1 '+ X1 +0(X?)

v




Relation between limy(1W(R)) and Puiseux expansions of R

Theorem

For W C C?®, denote

limg(W) :={z = (x1,...,25) € C* | z € im(W) and z; = 0},

and define

VZo(R) :={® = (®',..., @) e V¥(R) | ord(®7) > 0,j =1,...,5—1}.

Then we have

limg(W(R)) = Upevz, m{(X1 = 0, 2(X1 = 0))}.

X3

Vz*o(R) = { X,

1+ 0(X?) U X = -1+ 0(X3)
- X1 +O(X?}) Xy = —-X1+0(X3)

Thus the limit ponts are limo(W(R)) = {(0,0,1), (0,0,—1)}.




Limit points: this example again

[ R PolynomiaiRmg([x ¥ z])
vo= Chain([yA(3)-2% ¥A(3)+ yA(2) + 2+ (5), 24 (4)* x+ yA(3)-yA(2)], Emptv(R), R): Displav(rc R);

by = RegulavChamBranches(vc R | z], coefficient = complex);
P at ,va - y2 =0

'—y3+,v2+25=0

’ 20
bro= [z: T = % T (-7 + 2 Rootof(_2% + 1)), x = 7% T2 (-7 + 6 T Rootof(_Z7 + 1) + 10 T + 8]}
2=T% y= —% 5 (15 4+ 2 Rootof(_22 + 1)), x= % 2 (12 4 6 T Rooror(_28+1) —10 T — 8)| [z

:T,y:T5+lJx:—T(TlO+2T5+1H]

o b= RegularChainBranches(rc R | z|, coefficient = real);
pri=llz=Ty=T"+La=-T(TP+27°+1)]]

Figure: The command RegularChainBranches computes a parametrization for
the complex and real paths of the quasi-component defined by rc. When
coefficient argument is set as real, then the command RegularChainBranches

computes the real branches.
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Limits of multivariate real rational functions

Notations

Let ¢ € Q(X1,...,X,) be a multivariate rational function.

The problem

We want to decide whether

lim Tly-nn, Ty
(z1,...,zn)—(0,...,0) q( ! )

exists, and if it does, whether it is finite.




Limits of rational functions: previous works (1/3)

Univariate functions (including transcendental ones)
D. Gruntz (1993, 1996), B. Salvy and J. Shackell (1999)

— Corresponding algorithms are available in popular computer algebra
systems

Multivariate rational functions
S.J. Xiao and G.X. Zeng (2014)

— Given g € Q(X4,..

., X,,), they proposed an algorithm deciding
whether or not:

im exists and is zero.
Mg, ,...2,)—0,...,0) 4 €xists and
— No assumptions on the input multivariate rational function
— Techniques used:

® triangular decomposition of algebraic systems,

® rational univariate representation,

® adjoining infinitesimal elements to the base field.




Interlude: the method of Lagrange multipliers (1/3)

fxy)

@ Let f and g be functions from R" to R with continuous first partial
derivatives.

@ Consider the ooptimization problem

max T1,...,T
subject to g(zl,.‘.,zn)zof( ' ’ n)



Interlude: the method of Lagrange multipliers (2/3)

We are looking at points (z1,...,2,) where f(z1,...,2,) does not
change much as we walk along g(z1,...,x,) = 0. This can happen in two
ways:

@ either such a point is a optimizer (maximizer or minimizer),

@ or we are following a level of f, thatis, f(z1,...,2,) = d for some d.
Both cases are captured by imposing that the gradient vectors V, .. f
and Vg, . 4,9 are parallel.



Interlude: the method of Lagrange multipliers (3/3)

The previous observation translates into a system of equations that, in
particular, maximizers and minimizers must satisfy.

g(z1,22,...,2,) =0

of dg B

e (1,2, ..., Tp) — )\8701 (r1,22,...,2,) =0
of dg B

aim(xlaléa 71‘714)_)\871;2 (331,1'2, ,.’L’n) =0
of

9]
—(ml,xg,...a:n)—)\—g (x1,x9,...,2y) = 0.

oz, Oy,

where )\ is an additional variable, called the Lagrange multiplier of the
corresponding optimization problem.



Limits of rational functions: previous works (2/3)

C. Cadavid, S. Molina, and J. D. Vélez (2013):

@ Assumes that the origin is an isolated zero of the denominator
@ Maple built-in command limit/multi

Discriminant variety

9 i)
(@) = {(@y) R | 4% — a2~ 0},

Key observation

For determining the existence and possible value of

lim z,Y),
(z,y)—(0,0) a(.v)
it is sufficient to compute
lim q(z,y)
(z,y) — (0,0)

B
s
m
=<
—
)
~—~




Example
2

Let ¢ € Q(x,y) be a rational function defined by ¢(z,y) = %.

4 2,2 3
= 4 2z%y“ 4+ 3 =
X(Q)_{ vy U{z =0

0
y < 0




The discriminant variety of Cadavid, Molina, Vélez (1/2)

Notations
@ Let ¢: R™ — R be a function with continuous first partial derivatives.
e For a postive real number p, let D7 be the punctured ball
Dy = {(z1,...,zn) €R™ | 0< /ai+ -+ 22 <p}.
o Let x(q) be the subset of R™ where the vectors V,, . ¢ and
(z1,...,2y) are parallel.
@ For n =2, we have

x(q) = {(z,y) e R? | y%_x%zo}.

Theorem (Cadavid, Molina, Vélez)
For all L € R the following assertions re equivalent:

@ limg, . .)-(,.,0 2(T1,...,7,) exists and equals L,
@ for all € > 0, there exists 0 < § < p such that for all
(z1,...,7) € x(q) N Dj the inequality |q(z1,...,2,) — L| < ¢ holds.




The discriminant variety of Cadavid, Molina, Vélez (2/2)

Proof

Clearly the first assertion implies the second one.
Next, we assume that the second one holds and we prove the first one.
Hence, we assume that for all € > 0, there exists 0 < § < p such that
for all (z1,...,2n) € x(¢) N D}, the inequality |g(z1,...,7,) — L| <€
holds.
We fix ¢ > 0. For every r > 0, we define

Cr={(z1,...,2n) ER" | Jai+ - +22=r}
For all » > 0, we choose t1(r) (resp. t2(r)) minimzing (resp.
maximizing) ¢ on C,. Hence, for all » > 0, we have t1(r), t2(r) € x(q).
For all (z1,...,2,) € R™, we have

q(t1(r)) — L < q(z1,...,2n) — L < q(ta(r)) — L,
where r = /2% + - |22,
From the assumption and the definitions of t1(r), t2(r), there exists
0 < § < p such that for all » < p we have
—e < q(t1(r)) — L and q(t2(r)) — L <e.

Therefore, there exists 0 < § < p such that for all (z1,...,z,) € D},
the inequality |¢(x1,...,2,) — L| < € holds.




The

method of Cadavid, Molina, Vélez (1/2)

Their approach transforms the initial limit computation in n = 2
variables to one or more limit computations in n — 1 = 1 variable.

One non-trivial part of the method is to find the real branches of the
variety x(q) around the origin.

This requires tools like Newton-Puiseux theorem in order to
parametrize x(q) around the origin.



The method of Cadavid, Molina, Vélez (2/2)

Consider q(z,y) = géiz; with f(z,y) = 22 — y? and

g(z,y) = a* + y°.

We have x(q) = {(z,y) € R? | ay (:132 + y2) =0}

Hence, x(q) consists of the planes x = 0 and y = 0.

Thus, for computing lim(, ), 0,0y (%, y), it is enough to consider
lim,_,0 ¢(x, 0) and lim,_, ¢(0, y) which are equal to 1 and —1
respectively.

Therefore, lim(,, ,)_(0,0) ¢(,y) does not exist.



Overview of main algorithms

Top-level algorithm
@ computes the discriminant variety x(g) of ¢
@ applies the previous lemma and reduces the whole process to
computing limits of g along finitely many pathes (i.e. space curves)
@ as soon as either one path produces an infinite limit or two pathes
produce two different finite limits, the procedure stops and returns
no_finite_limit. )

Core algorithm

@ reduces computations of limits of ¢ along branches of x(q) to
computing limits of ¢ along pathes.

Base-case algorithm

@ handles the computation of ¢ along space curves by means of Puiseux
series expansions

v




The algorithm RationalFunctionLimit

Input: a rational function ¢ € Q(X1, ..., X,) such that origin is an
isolated zero of the denominator.

Output: lim, . 2.)=(0,..0) 4(T1, -, Tn)

O Apply RealTriangularize on x(q), obtaining rsas Ry,..., R,

@ Discard R; if either dim(R;) =0 or o ¢ Zr(R;)

. _ checks whether 0 € Zg(R;) or not.

@ Apply [Limitlnner!(R) on each regular semi algebraic system of
dimension higher than one.

e _: solving constrained optimization problems

@ Apply LimitAlongCurve on each one-dimensional regular semi
algebraic system resulting from Step 3

° _: Puiseux series expansions



Principles of Limitlnner

Input: a rational function ¢ and a regular semi algebraic system
R:=[Q,T, P-] with dim(Zg(R)) > 1 and 0 € Zr(R)
Output: limit of ¢ at the origin along Zg(R)

Q if dim(Zr(R)) = 1 then return _(q,R)

) ) . X - X,
@ otherwise build M := [ ViteT ]

@ For all m € Minors(M) such that Zg(R) € Zgr(m) build

8E,,, .. aEr
aX) Xy, _
M = X, - X, with B, :=>"7" | A X2 —r?
Vt,t €T

@ For all m’ € Minors(M’) C := Reallntersect (R,m' =0,m # 0)
@ For all C € C such that dim(Zg(C)) > 0 and 0 € Zg(C)

© compute L := [Limitinner|(q, C);

@ if L isno finite limit or L is finite but different from a previously
found finite L then return no_finite_limit

@ If the search completes then a unique finite was found and is returned.




Principles of LimitAlongCurve

Input: a rational function ¢ and a curve C given by [Q, T, P-|
Output: limit of ¢ at the origin along C'

@ Let f, g be the numerator and denominator of ¢

@ Let 7' :={gX,4+1 — f} U T with X, a new variable

® Compute the real branches of Wg(T") := Zg(T") \ Zg(h7+) in R"
about the origin via Puiseux series expansions

@ If no branches escape to infinity and if Wg(7") has only one limit
point (x1,...,Tpn, Tpt1) With 1 = -+ =z, = 0, then x4 is the
desired limit of ¢

@ Otherwise return no_finite_limit



Example

_ zw+x2+y2
Let Q($7y> va) - 12+y2+z2+w2'

RealTriangularize (x(q)):

Zr(x(q)) = Zr(R1) U Zr(R2) U Zr(R3) U Zgr(Ry4),

where
mi =0
R1:: g: ,RQ:: y:O y
w=20 Frw=
=0
z=0
Rs:=4 y= ,R4.—{w 0



o dim(Zgr(R1)) =0
o dim(Zr(Rs)) = 1 —> [LimitAlongCunve (¢, R2) = 3*
o dim(Zg(R3)) =1 = |LimitAlongCurve|(q, k) = }
o dim(Zr(R4)) = 2 = [Limitinner|(q, R,)
z=0 z=0
y#0 T#0

o dim(Zx(Rs)) = 1 = |LimitAlongCurve|(q, Rs) = 1
LimitAlongCurve. L

o dlm(ZR(Rs)) =1=

— the limit does not exists.
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Tangent cones of space curves

Previous Works

@ An algorithm to compute the equations of tangent cones (Mora
1982):

® Based on Groebner basis (in fact Standard basis) computations

Our Contribution

@ A Standard Basis Free Algorithm for Computing the Tangent Cones
of a Space Curve (P. Alvandi, M. Moreno Maza, E. Schost, P. Vrbik CASC
2015)

® Based on computation of limit of secant lines




Tangent cones of space curves




Tangent cones of space curves

~ 4
N
N\
N 37
N
AN 2
y
AN
T~ N
\\\\\ S\
-
~< 2N
=
5o -3 2 A N+~ 2
X AN =
L1 N
N
N
] N
3]

Answer

The command LimitPoints for computing limit points corresponding to
regular chains can be used to compute the limit of secant lines, as well.




Tangent cones of space curves: example

o C=W(R) a curve with R := {223 + 21 — 1,223 + 22% — 21 — 1}
o Let p = (x1,x2,x3) be a singular point on C, e.g. (1,0,0).

Compute the tangent cone of C at p
O Let ¢ = (y1,y2,y3) be a point on a secant line through p
@ When q is close enough to p, one of x1 — y1, 2 — Y2 or x3 — y3 does
not vanish, say z1 — y;

@ Hence, when ¢ is close enough to p, ¥ = (s1, s2, s3) leads (pq) with
T2—-Y2 __ T3—Y3

r1—Yy1’ 83 r1—Y1

s1:=1,89 :=
@ Viewing ss, s3 as new variables, consider T := R U R’ with
R ={(zi —y1)s2 — (w2 — y2), (i —y1)s3 — (v3 —y3)}
@ T is a regular chain for so > s3 > x3 > x9 > 11

@ Computing the limit points of W(T') around 1 — y; = 0 yields the
limits of the slopes so and s3, and thus the tangent cone.




Tangent cones of space curves: example

[+ B = PolmowmiaiRing([x_3 x_2 x_1])
Curve == [X_3A2 + x_2A2 4+ x_I142— 1, x_3A2 — x_202— x_1%(x_1-1)]:

vo= Chain([x_1— 1, x_2 x_3]|, Empty(R), E):
o= TangentTone(re Curve, R, equations); Dizplay(tc[1][2], R);
fo:= {[[_x_i -1, - xF+3 _x_32], reguiar_cham“
x_3=0
X 2=10
xI—-1=0

s to= TangentCone(re, Curve, R, slpes);
= {[[%x_I, n_2—-1,2 %x_j’z — 1], reguiar_cham], H%x_l, %x_?z — 3 %x_3— l], regm‘ar_cham“

51
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> F = [(3:2 +y2)2 + 322y — o3, (22 +9%)3 — 4x2y2] :
> plots[implicitplot](F's,z = —2..2,y = —2..2) :

\
/1\
-0\
/ \
\ /oe
\ /
N

> R:= Polynomlalng ([x,y], 101)
> TriangularizeWithMultiplicity (F, R);

I y+14[0[1ﬂ{ E[iizygﬁf[” {H:{ y”MO It

The command RegularChains:-TriangularizeWithMultiplicity computes the



TriangularizeWithMultiplicity

We specify TriangularizeWithMultiplicity:
Input fi,..., fn € Clzy,...,2,] such that V(f1,..., fn) is
zero-dimensional.

Output Finitely many pairs [(T1,m1), ..., (Ty, m¢)] where T1, ..., T}
are regular chains of Clx1, ..., z,] such that for all p € V(T;)

I(p7 fla"'vfn) = m; and V(fl?afn) = V(Tl)&JH'JV(Tg)

TriangularizeWithMultiplicity works as follows
@ Apply Triangularize on fi,..., fn,
@ Apply IM,(T'; f1,..., fn) on each regular chain T
IM,.(T’; f1, ..., fn) works as follows

@ if n =2 apply Fulton's algorithm extended for working at a regular
chains instead of a point (S. Marcus, M., P. Vrbik; CASC 2013),

@ if n > 2 attempt a reduction from dimension n to n — 1 (P. Alvandi,
M., E. Schost, P. Vrbik; CASC 2015),



Fulton’s Properties

The intersection multiplicity of two plane curves at a point satisfies and is

uniquely determined by the following.
(2-1) I(p; f,g) is a non-negative integer for any C, D, and p such that C

and D have no common component at p. We set I(p; f,g) = oo if C
and D have a common component at p.

(2-2)

(2-3) I(p; f,g) is invariant under affine change of coordinates on A2
(2-4) I(p;f,9)=1I(p;g,[)

I(p; f,g) is greater or equal to the product of the multiplicity of p
(2-5) in f and g, with equality occurring if and only if C' and D have no
tangent lines in common at p.

(2-6) I(p; f,gh) = I(p; f,9) + I(p; f, ) for all h € k[z,y].




Fulton’s Algorithm

Algorithm 5: IMs(p; £, 9)

Input: p = (o, B) € A%(C) and f,g € Cly = z] such that
ged(f,g) € C

Output: I(p; f,g) € N satisfying (2-1)—(2-7)

if f(p) # 0 or g(p) # 0 then

return 0;
r,s = deg (f(z,3)),deg (g(x, B)); assume s > r.
if » =0 then

write f = (y — ) - h and
g(z,8) =(x — )™ (ag + a1(x — ) + - -+);
return m + IMy(p; h, g);
IMa(p; (y — B) - b, g) = IMa(p; (y — B), g) + IMa(p; h, 9)
IM2(p; (y — B), 9) = IM2(p; (y — B), 9(z, B)) = Ma(p; (y — B), (. — &)™) =m
if » > 0 then
h < monic (g) — (z — «)* "monic (f);
return IMa(p; f, h);




Reducing from dim n to dim n — 1: using transversality

The theorem again:

Theorem

Assume that h, = V (fy,) is non-singular at p. Let v, be its tangent
hyperplane at p. Assume that h,, meets each component (through p) of
the curve C =V (f1,..., fn—1) transversely (that is, the tangent cone
TCy(C) intersects vy, only at the point p). Let h € k[z1,...,z,] be the
degree 1 polynomial defining v,,. Then, we have

I(p;fla"'vfn):I(p;fl7"'7fn—17h)‘

How to use this theorem in practise?

Assume that the coefficient of z,, in h is non-zero, thus h = x,, — I/,
where b/ € k[x1,...,z,-1]. Hence, we can rewrite the ideal

(fi,---s fan_1,h) as (g1,...,gn_1,h) where g; is obtained from f; by
substituting x,, with h’. Then, we have

I(p; fu, - fn) = L(Plar, w13 915 -+ Gn—1)-




Reducing from dim n to dim n — 1: a simple case (1/3)
Example
Consider the system

=z, fo=x+y>—2% f3
near the origin o0 := (0,0,0) € V(f1, f2, f3)

=y —z




Reducing from dim n to dim n — 1: a simple case (2/3)
Example
Recall the system

fi=x, fo=a+y?=2% fyi=y-—2°
near the origin 0 := (0,0,0) € V(f1, f2, f3)-

Computing the IM using the definition
Let us compute a basis for (’)133 O/ <f1, fa, f3> as a vector space over k.

Setting 7 = 0 and y = 23, we must have 22(2* + 1) =0 in

013370 = kl:x’ y7 Z] (Z’y7z).
Since z* + 1 is a unit in this local ring, we see that

023,0/ <f1, f2, f3>:<17 z>

as a vector space, so 1(0; f1, f2, f3) = 2.




Reducing from dim n to dim n — 1: a simple case (3/3)

Example

Recall the system again
fi=a, fa=ax+y® =22 f3=y-2
near the origin o := (0,0,0) € V(f1, fo, f3).

Computing the IM using the reduction
We have

C=V(z,z+y?—2%) =V(z,(y - 2)(y + 2)) = TCo(C)
and we have
h=y.
Thus C and V(f3) intersect transversally at the origin. Therefore, we have

I3(p; f1, fo, f3) = 12((0,0); 2,2 — 22) = 2.
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