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One-dimensional array

for(int i = 0; i < n; i++)
for(int j = i + 1; j < mn; j ++)
Ali *n+ jl =A[@a*j-n+j-1i-1];
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One-dimensional array

for(int i =
for(int j
Ali * n

0; 1 < n; i++)
=1+ 1; j <mn; j++)
+ 31 =Ala*j-n+j-1i-1];

© Can we parallelize the two for-loops?
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© Can we parallelize the two for-loops?

@ Is there data dependence between two different iterations of the nest?
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One-dimensional array

for(int 1 = 0; i < n; i++)
for(int j =1i + 1; j <m; j ++)
Afi *n + jl =Aln*x j-n+3j-1i-1];
© Can we parallelize the two for-loops?
@ Is there data dependence between two different iterations of the nest?
© Are there integer solutions to the following system of linear inequalities?

(

0<ih<n

h+1<j3<n

0<ih<n

h+1<jp<n
. o - . e
nxXn+jp=nxjp—n+jp—i—1 )
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Delinearize the array accesses

Linearized one-dimensional array J

for(int i = 0; i < n; i++)
for(int j =i + 1; j < n; j ++)
A[i * n + j] =
Al(n * j -n+j-1i-1];
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Delinearize the array accesses

Linearized one-dimensional array J

for(int i = 0; i < n; i++)
for(int j =i + 1; j < n; j ++)
A[i * n + j] =
Al(n * j -n+j-1i-1];

Delinearized multi-dimensional array J

for(int i = 0; i < n; i++)
for(int j =i + 1; j < n; j ++)
B[il[j] = B[j - 11[j - i - 1];
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Delinearize the array accesses

0<i<n
_ _ ) ] h+1<jp<n
Linearized one-dimensional array J ! _J_l
0<ih<n
for(int i = 0; i < n; i++) h+1<jp<n
for(int j =i + 1; j < mn; j ++) . . . . .
ALi ¥ 0+ ] - (AXN+ap=nXjp—n+jp—ir—1

Al(n * j -n+j-1i-1];

Delinearized multi-dimensional array J

for(int i = 0; i < n; i++)
for(int j =i + 1; j < n; j ++)
B[il[j] = B[j - 11[j - i - 1];
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Delinearize the array accesses

Linearized one-dimensional array J

0; i < nj; i++)
for(int j =i + 1; j < n; j ++)
Afi * n + j] =
Al(n * j -n+j-1i-1];

for(int i

Delinearized multi-dimensional array J

0; i < nj; i++)
=1+ 1; j <mn; j++)
=B[j - 11[j - i - 1];

for(int i =
for(int j
B[i] [j]
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0<ih <n
n+1<p<n
0<ibh<n
h+1<jp<n
AxXn+jp=nXjpp—n+jr—ir—1
0<ih<n
h+1<ji<n
0<ih<n
h+1<jp<n
n=p-1
h=jp—h—1
™
>
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Vet

Delinearize the array accesses

0<i<n
. . . . h+1<jp<n
Linearized one-dimensional array | L _J_l
0<ibh<n
for(int i = 0; i < n; i++) b+1<jp<n
for(int j =i+ 1; j <m; j ++) ] ] ) ) )
Ali * n + ] = (A Xn+ap=nXp—n+jp—i—1
Alln * j -n+3j-1i-11;( 0<ih<n
o h+1<h<n
Delinearized multi-dimensional array J 0<ip < n
for(int i = 0; i < n; i++) h+1<jp<n
for(int j =1+ 1; j < m; j ++) .
h=p—1
BLi1[j] = BLj - 11[j - i - 1]; 1R
\ 1= —k-1
S
There is no integer solution, therefore, no dependence.‘ b-v@
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The Delinearization Problem

Can we replace a one-dimension array A by another multi-dimensional array
B so that every subscript of B is an affine expression of the loop counters? J
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The Delinearization Problem

Can we replace a one-dimension array A by another multi-dimensional array
B so that every subscript of B is an affine expression of the loop counters? J

Input

for(i_1, ..., i_1 ++)

for(i_d, ..., i_d ++)
AMRG_1, ..., id, m_1, ..., me)] <- ...
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The Delinearization Problem

B so that every subscript of B is an affine expression of the loop counters?

Can we replace a one-dimension array A by another multi-dimensional arrayJ

Input

for(i_1, ..., i_1 ++)

for(i_d, ..., i_d ++)

A[RGi_1, ..., id, m1, ..., me)] <- ...
@ i1,...,iqg €N, with,
i rn
L <
ig rq
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@ L: lower-triangular full-rank matrix over
Z (known at compile time) defining the
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for(i_d, ..., i_d ++)
AMRG_1, ..., id, m_1, ..., me)] <- ...

@ i1,....ig €N, with,
i rn
L <
ig rq

@ L: lower-triangular full-rank matrix over
Z (known at compile time) defining the
iteration domain

@ my,...,me,r1,...,rq: data parameters
(known at execution time)

@ R(i,...,l4,mMi,...,me): polynomial.
Coefficients are known at compile time.
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The Delinearization Problem

B so that every subscript of B is an affine expression of the loop counters?

Can we replace a one-dimension array A by another multi-dimensional arrayJ

Input
for(i_l, ..., i_1 ++) Output
. for(i_1,
for(i_d, L, i_d ++)
A[R(Gi_1, ., id, m_1, ., m_e)] <- ... for(i_d,
. . . BLf_1],
@ i1,...,iqg €N, with,
i n
L <
id rq

@ L: lower-triangular full-rank matrix over
Z (known at compile time) defining the
iteration domain

@ my,...,me,r1,...,rq: data parameters
(known at execution time)

@ R(i,...,l4,mMi,...,me): polynomial.
Coefficients are known at compile time.
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L, id ++)

., Blf_e]l <- ...
e
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B so that every subscript of B is an affine expression of the loop counters?
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The Delinearization Problem

Can we replace a one-dimension array A by another multi-dimensional array
B so that every subscript of B is an affine expression of the loop counters? J

Input

for(i_l, ..., i_1 ++) Output
for(i_1, ..., i_1 ++)
for(i_d, ..., i_d ++)
A[R(i_1, ..., i_d, m_1, ..., m_e)] <- ... for(i_d, ..., i_d ++)
B[£_1], ..., Blf_e] <- ...

@ i1,...,iqg €N, with,
@ f1,...,f are affine functions in iy, ..., iq.
i n Coefficients € Z TBD
L < @ Bisan M; X --- X Me-array
iy rg @ Ms,..., M. are affine functions in

my, ..., me Coefficientse Z TBD

@ L: lower-triangular full-rank matrix over
Z (known at compile time) defining the
iteration domain

@ my,...,me,r1,...,rq: data parameters ")
(known at execution time) >4
o =t | &
@ R(i,...,l4,mMi,...,me): polynomial. Western
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@ i1,...,iqg €N, with,
@ f1,...,f are affine functions in iy, ..., iq.
i n Coefficients € Z TBD
L < @ Bisan M; X --- X Me-array
iy rg @ Ms,..., M. are affine functions in

my, ..., me Coefficientse Z TBD

@ L: lower-triangular full-rank matrix over such that:

Z (known at compile time) defining the ’ R=f/Mz---Me + -+ + fe_1 M+ £ | for
iteration domain each (i1,...,Iy) in the iteration domain we
e (rzagv\.n;’:;eé;eléijéilc;nrcft:in:jea)ta parameters have the validity conditions: %
@ R(i,...,l4,mMi,...,me): polynomial. ’0Sf1<M1’ 0 < fo < Me. Weern

Coefficients are known at compile time.
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The Delinearization Problem

The delinearization problem is divided into:

Polynomial System Solving Problem
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The Delinearization Problem

The delinearization problem is divided into:

Polynomial System Solving Problem
@ When d and e are known.

@ Express fi,...,fe and My, ..., M, offline as functions of the
coefficients of R=f{My-- - Mg+ -+ fo_1 My + f2.
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@ Express fi,...,fe and My, ..., M, offline as functions of the
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@ R is a polynomial in Q[i,...ig, m1,..., me].
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0<fo < M,

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 6/21



The Delinearization Problem

The delinearization problem is divided into:

Polynomial System Solving Problem
@ When d and e are known.

@ Express fi,...,fe and My, ..., M, offline as functions of the
coefficients of R=f{My-- - Mg+ -+ fo_1 My + f2.

@ R is a polynomial in Q[i,...ig, m1,..., me].
v
Quantifier Elimination Problem
0< A<M
@ For each (i1,...,ig), we have, : :
0<fo < M,

@ Want to do QE over Z.

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 6/21



The Delinearization Problem

The delinearization problem is divided into:

Polynomial System Solving Problem
@ When d and e are known.

@ Express fi,...,fe and My, ..., M, offline as functions of the
coefficients of R=f{My-- - Mg+ -+ fo_1 My + f2.

@ R is a polynomial in Q[i,...ig, m1,..., me].
v
Quantifier Elimination Problem
0< A<M
@ For each (i1,...,ig), we have, : :
0<fo < M,

@ Want to do QE over Z.

© Is a decidable problem using Presburger arithmetic.

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 6/21



The Delinearization Problem

The delinearization problem is divided into:

Polynomial System Solving Problem
@ When d and e are known.

@ Express fi,...,fe and My, ..., M, offline as functions of the
coefficients of R=f{My-- - Mg+ -+ fo_1 My + f2.

@ R is a polynomial in Q[i,...ig, m1,..., me].
v
Quantifier Elimination Problem
0< A<M
@ For each (i1,...,ig), we have, : :
0<fo < M,

@ Want to do QE over Z.

© Is a decidable problem using Presburger arithmetic.
© Can be solved offline over R.

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 6/21



The Delinearization Problem

The delinearization problem is divided into:

Polynomial System Solving Problem
@ When d and e are known.

@ Express fi,...,fe and My, ..., M, offline as functions of the
coefficients of R=f{My-- - Mg+ -+ fo_1 My + f2.

@ R is a polynomial in Q[i,...ig, m1,..., me].
v
Quantifier Elimination Problem
0< A<M
@ For each (i1,...,ig), we have, : :
0<fo < M,

@ Want to do QE over Z.

© Is a decidable problem using Presburger arithmetic.
© Can be solved offline over R.

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 6/21



2D-2D quantifier elimination (I/11)

@ Loop counters can only be integers
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2D-2D quantifier elimination (I/11)

@ Loop counters can only be integers
@ Finding the integer hull of a polyhedral set
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2D-2D quantifier elimination (I/11)

@ Loop counters can only be integers
@ Finding the integer hull of a polyhedral set

N

o o o
As o o o
*B
*
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2D-2D quantifier elimination (I/11)

@ Loop counters can only be integers
@ Finding the integer hull of a polyhedral set

N

o o o
A P o o o
*B
*
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2D-2D quantifier elimination (I/11)

@ Loop counters can only be integers
@ Finding the integer hull of a polyhedral set

N

The integer hull {D, E,F,G,H} is formed by {D, E, G} and searching b-vé
integer points {F, H} in quadrilaterals DD”B"E, EB'C"G and D' DGCYe™
The Delinearization of C programs April 9, 2024 7/21



The Delinearization Problem

Parametric Integer Linear Programming

‘max fx
(117"'»Id)
subject to (i1, ..., Iq) € iteration domain
My .., ig €Z
For which, 0 < max fi < My forall k € [1,...,¢€].
(G
y
*
&)
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The Delinearization Problem

Parametric Integer Linear Programming

max
(Ilv"wld)

subject to (i1, ..

For which, 0 < max fi < My forall k € [1,...,¢€].

(G

fi

My .., ig €Z

., Ig) € iteration domain

© PIP/PipLib by Paul Feautrier
@ isl by Sven Verdoolaege

© barvinok by Sven Verdoolaege
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2D-2D delinearization problem

Input Output

for(i_1, ..., i_1 ++) for(i_1, ..., i_1 ++)
for(i_d, ..., i_d ++) for(i_d, ..., i_d ++)
A[R(i_1, ..., i_d, m_1, ..., m_e)] <- ... B[f_11, ..., Blf_el <- ...
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A[R(i_1, ..., i_d, m_1, ..., m_e)] <- ... B[f_11, ..., Blf_el <- ...

d=2~i1,h loop counters

known at compile time.
e =2~»my, my program parameters
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2D-2D delinearization problem

Input Output

for(i_1, ..., i_1 ++) for(i_1, ..., i_1 ++)
for(i_d, ..., i_d ++) for(i_d, ..., i_d ++)
ARG_1, ..., id, m_1, ..., me)] <- ... B[f_1], ..., B[f_el <- ...

d=2~1i1,h loop counters

known at compile time.
e =2~»my, my program parameters

Ml =aym + b]_

, Where ay, by, a», bp € Z TBD.
My = axmy + by
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2D-2D delinearization problem

Input Output

for(i_1, ..., i_1 ++) for(i_1, ..., i_1 ++)

for(i_d, ..., i_d ++) for(i_d, ..., i_d ++)
A[R(i_1, ..., i_d, m_1, ..., m_e)] <- ... B[f_11, ..., Blf_el <- ...

d=2~i1,h loop counters o

known at compile time.
e =2~»my, my program parameters
Ml =aym; + b]_
M2 = axmyp + bg

The reference A[R] to A which encodes a reference B[f1][f2] to B, where:

, Where ay, by, a», bp € Z TBD.
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2D-2D delinearization problem

Input Output

for(i_1, ..., i_1 ++) for(i_1, ..., i_1 ++)
for(i_d, ..., i_d ++) for(i_d, ..., i_d ++)
ARG_1, ..., id, m_1, ..., me)] <- ... B[f_1], ..., B[f_el <- ...

d=2~1i1,h loop counters

known at compile time.
e =2~»my, my program parameters

My =aim; + by
My = axmy + by
The reference A[R] to A which encodes a reference B[f1][f2] to B, where:
fl=fi1ih + fi2io + 10
f2 = h1in + froiz + foo

, Where ay, by, a», bp € Z TBD.

and R="f1M,+ f2
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2D-2D delinearization problem

Input Output

for(i_1, ..., i_1 ++) for(i_1, ..., i_1 ++)
for(i_d, ..., i_d ++) for(i_d, ..., i_d ++)
ARG_1, ..., id, m_1, ..., me)] <- ... B[f_1], ..., B[f_el <- ...

d=2~1i1,h loop counters

e=2~>mi, my program parameters
My =aim; + by
My = axmy + by
The reference A[R] to A which encodes a reference B[f1][f2] to B, where:
fl=fi1ih + fi2io + 10

{f2 = f1h + faix + fo

} known at compile time.

, Where ay, by, a», bp € Z TBD.

and R="f1M,+ f2

e for each (i1, i), we have, , thus .
0<f2< M2 0 < maxf2 < Myyesperq

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 9/21

0<fl< M {ogmaxf1</\/11



2D-2D polynomial system solving

f1 = fiiy + fioio +
L2 A0 R — F1M, + £2, we obtain,

Substituting ) ; i
2 = hiih + i + fay
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2D-2D polynomial system solving

fl="f1ih+ fizib + £
Substituting 1 _1 2 ,2 VR = f1M, + f2, we obtain,
f2 = fo1iy + faix + 2o

R = axfi1 iimo + axfip lomo + axfio ma +

(bafi1 + f1)in + (b2fi2 + fa2)io +
~ ~ ~ ~
T T2 T3 Ty Ts
(b2fio + fo0).
————
Te
Sl
&)

Western
Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 10/21



2D-2D polynomial system solving

1= firiy + fioio + 1
MR 0 R F1M, + £2, we obtain,
f2 = fori1 + fasis + fog

R = axfi1 i1my + axfio bmy + axfig my + (bofir + fo1)in + (bafiz + f2)io +
~ ~ ~

Substituting

Nl
T1 T2 T3 Ta Ts
(bafio + fa0).
————
Te
fa= 2
Ti = axf a2
T2
T2 = axfi2 fio = —
T- axf 2
3 = azfio
= f].O — E
Ts = bafi1 + fa1 E)
Ts = bafio + f22 f1=Ts— bafua
Te = bafio + f20 foo = Ts — b2fi2 -
foo = Ts — bofs
20 6 — b2fio b*@
Western
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2D-2D polynomial system solving

1= firiy + fioio + 1
MR 0 R F1M, + £2, we obtain,
f2 = fori1 + fasis + fog

R = axfi1 i1my + axfio bmy + axfig my + (bofir + fo1)in + (bafiz + f2)io +
~ ~ ~

Substituting {

Nl
T1 T2 T3 Ta Ts
(bafio + fa0).
————
Te
fa= 2
Ti = axf a2
T2
T2 = axfi2 fio = —
T- axf 2
3 = azfio
= f].O — E
Ts = bafi1 + fa1 E)
Ts = bafio + f22 f1 = Ta — bafia
Te = bafio + f20 foo = Ts — b2fi2 -
foo = Ts — bofs
20 6 — b2fio Q@

ap, by can NOT be uniquely determined, but ay | ged( Ty, Ta, T3).T'-Ves{e'""~
The Delinearization of C programs April 9, 2024 10/21




2D-2D quantifier elimination (I/11)

For each (i1, i2), we have, 0 < f2 < Ma, thus 0 < maxf2 < My,

max >

(i1,i2)

subject to (i1, f2) € iteration domain
i, €7
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2D-2D quantifier elimination (I/11)

For each (i1, i2), we have, 0 < f2 < Ma, thus 0 < maxf2 < My,

max >

(i1,i2)

subject to (i1, f2) € iteration domain
i, €7

Depending on the shape of the iteration domain, we solve on a case to case
basis.
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2D-2D quantifier elimination (I/11) - Rectangular domain

For a for loop of the form,

for (dnt i_1 = 0; i_1 < r_1; i_1 ++)
for (int i_2 = 0; i_2 < r_2; 1i_2 ++)
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2D-2D quantifier elimination (I/11) - Rectangular domain

For a for loop of the form,

for (dnt i_1 = 0; i_1 < r_1; i_1 ++)
for (int i_2 = 0; i_2 < r_2; 1i_2 ++)

the iteration domain is of the shape,
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2D-2D quantifier elimination (I/11) - Triangular domain

For a for loop of the form,

for (int i_1

=0; i1 < r_1; i_1 ++)
for (int i_2 =

O; p*x il + g * i_2 < r_2; i_2 ++)
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2D-2D quantifier elimination (I/11) - Triangular domain

For a for loop of the form,

0; i_1 < r_1; i_1 ++)

for (int i_1
O; p*x il + g * i_2 < r_2; i_2 ++)

for (int i_2

the iteration domain is of the shape,

° °
2 2
P P
. .
2 LPA S
q q &
Western
April 9, 2024 13/21
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2D-2D quantifier elimination (I/11)

The parametric integer linear problem:

max fr = hii1 + faoio + foo

(f1,i2)

subject to (i1, i2) € iteration domain
h,b €7Z

can be solved for,
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2D-2D quantifier elimination (I/11)

The parametric integer linear problem:

max fr = hii1 + faoio + foo

(f1,i2)

subject to (i1, i2) € iteration domain
h,b €7Z

can be solved for,

@ Rectangular domain by case inspection
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2D-2D quantifier elimination (I/11)

The parametric integer linear problem:

max fr = hii1 + faoio + foo

(f1,i2)

subject to (i1, i2) € iteration domain
h,b €7Z

can be solved for,
@ Rectangular domain by case inspection

@ Triangular domain by case inspection except when £_21, £_22 > 0, in
which case the problem becomes,
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2D-2D quantifier elimination (I/11)

The parametric integer linear problem:

max fr = hii1 + faoio + foo

(f1,i2)

subject to (i1, i2) € iteration domain
h,b €7Z

can be solved for,
@ Rectangular domain by case inspection

@ Triangular domain by case inspection except when £_21, £_22 > 0, in
which case the problem becomes,

max hii + fao L_i17,+r2J + 2o
it

subjectto 0< i < n, h€Z

vvesterI
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2D-2D quantifier elimination (I1/11)

QE over R,

Chirantan Mukherjee (ORCCA)
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2D-2D quantifier elimination (I1/11)

QE over R, uses the QuantifierElimination function from the
RegularChains:-SemiAlgebraicSetTools package.

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024
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________________________ Soun
2D-2D quantifier elimination (I1/11)

QE over R, uses the QuantifierElimination function from the
RegularChains:-SemiAlgebraicSetTools package. J

f := &A([i_1, i_2]), ((0 < i_1) &and (i_1 < r_1) &and
(0 < i_2) &and (i_2 < r_2) &and
(0 < r_1) &and (0 < r_2) &and
(0 < £_{21}) &and (0 < f_{22}) &and (0 < B))
\\ B = M_2 - f_{20}
&implies (f_{21} * i_1 + £_{22} * i_2 < B);
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________________________ Soun
2D-2D quantifier elimination (I1/11)

QE over R, uses the QuantifierElimination function from the
RegularChains:-SemiAlgebraicSetTools package. J

f := &A([i_1, i_2]), ((0 < i_1) &and (i_1 < r_1) &and
(0 < i_2) &and (i_2 < r_2) &and
(0 < r_1) &and (0 < r_2) &and
(0 < £_{21}) &and (0 < f_{22}) &and (0 < B))
\\ B = M_2 - f_{20}
&implies (f_{21} * i_1 + £_{22} * i_2 < B);

After simplification, r_1 * f_{21} + r_2 * f_{22} + f_{20} < M_2.

.
>
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2D-2D quantifier elimination (I1/11)

QE over R, uses the QuantifierElimination function from the
RegularChains:-SemiAlgebraicSetTools package. J

f = &A([i_1, i_2]), ((0 < i_1) &and (i_1 < r_1) &and
(0 < i_2) &and (i_2 < r_2) &and
(0 < r_1) &and (0 < r_2) &and
(0 < £_{21}) &and (0 < f_{22}) &and (0 < B))
\\ B =M2 - f_{20}
&implies (f_{21} * i_1 + £_{22} * i_2 < B);

After simplification, r_1 * f_{21} + r_2 * f_{22} + f_{20} < M_2.
Substituting, fi1 = aT—;, fio = 3%2, fio = aL;’ o1 = Ta — bofi1, fon =
Ts — bafia, foo = Te — bafio, M2 = axmy + ba, we obtain,

n(Ta—balt) 4+ ra(Ts — by 2) + To — by 2 < aymy + by,

Western
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Examples (1/11) - Rectangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (int 1_2 = 0; i_2 <= r_2; i_2 ++)
A[2 * i 1 *m 2 +m2+3*i1i.2+2] = ...;

Q@ maxii=nr,max b =n

Western
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Examples (1/11) - Rectangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (int 1_2 = 0; i_2 <= r_2; i_2 ++)
A[2 * i 1 *m 2 +m2+3*i1i.2+2] = ...;

Q@ maxii=nr,max b =n
Q Tl:27T2:07T3:1aT4:0aT5:3aT6:2
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Examples (1/11) - Rectangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (int 1_2 = 0; i_2 <= r_2; i_2 ++)
A[2 * i 1 *m 2 +m2+3*i1i.2+2] = ...;

Q@ maxii=nr,max b =n
Q@ 71=2,T,=0,T3=1,T4,=0,T5=3,Tg =2
9 ar :?7b2 :?7f11:27f12207f10:1af21:_2b27f22:3>f20:2_b2

Western
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Examples (1/11) - Rectangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (int 1_2 = 0; i_2 <= r_2; i_2 ++)
A[2 * i 1 *m 2 +m2+3*i1i.2+2] = ...;

Q@ maxii=nr,max b =n

Q@ T1=2T»=0T3=1Ts=0Ts=3,Tg=2

Q@ a2="br="f11=2,fr=0,fip=1,f1 = —2by,f0 =3, 0 =2—b
@ the validity condition —rlbzaz—2 +3mn+2-— bgi < aosmo + by
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Examples (1/11) - Rectangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (int 1_2 = 0; i_2 <= r_2; i_2 ++)
A[2 * i_1 *m_2 +m. 2+ 3 % i_2 +2] = ...;

Q@ maxii=nr,max b =n

Q@ T1=2T»=0T3=1Ts=0Ts=3,Tg=2

Q@ a2="br="f11=2,fr=0,fip=1,f1 = —2by,f0 =3, 0 =2—b
@ the validity condition —rlbzaz—2 +3mn+2-— bgi < aosmo + by

@ evaluating at ap = 1, bp = 0, we obtain, f1 =2i1 +1,f2=3i, +2
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Examples (1/11) - Rectangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (int 1_2 = 0; i_2 <= r_2; i_2 ++)
A[2 * i_1 *m_2 +m. 2+ 3 % i_2 +2] = ...;

max iy = ri,max ip = r
T:=2,T,=0,T3=1,T4,=0,T5 =3, Tg =2

ay =7 by =7 f1=2,fr=0,fig=1,f1 = —2by, foo =3, f0 =2—b»
the validity condition —rlbzaz—2 +3rn+2 - bgi < aosmo + by
evaluating at a = 1, b = 0, we obtain, f1 =2i4 +1,f2=3ib +2
assuming my = 10, i.e. BJ...][10], we get,

©000O0CO0

delinearization valid when 1 = rn =1, max f2=5 < 10
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Examples (1/11) - Rectangular domain

for (int i_1 =
for (int i_2

0; i_1 <= 1r_1; i_1 ++)
=0; i_2 <=71_2; i_2 ++)
A[2 * i_1 *m_2 +m. 2+ 3 % i_2 +2] = ...;

©000O0CO0

max iy = ri,max ip = r

T:=2,T,=0,T3=1,T4,=0,T5 =3, Tg =2
a="by="f1=2fr=0,fio=1,f1=-2by, 0 =3,f0=2—b
the validity condition —rlbzaz—2 +3rn+2 - bgi < aosmo + by
evaluating at a = 1, b = 0, we obtain, f1 =2i4 +1,f2=3ib +2
assuming my = 10, i.e. BJ...][10], we get,

delinearization valid when 1 = rn =1, max f2=5 < 10

delinearization valid when rp = rn =2, max f2=8 < 10 g%ﬁ

)
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Examples (1/11) - Rectangular domain

for (int i_1 =
for (int i_2

0; i_1 <= 1r_1; i_1 ++)
=0; i_2 <=71_2; i_2 ++)
A[2 * i_1 *m_2 +m. 2+ 3 % i_2 +2] = ...;

©000O0CO0

max iy = ri,max ip = r

T:=2,T,=0,T3=1,T4,=0,T5 =3, Tg =2
a="by="f1=2fr=0,fio=1,f1=-2by, 0 =3,f0=2—b
the validity condition —rlbzaz—2 +3rn+2 - bgi < aosmo + by
evaluating at a = 1, b = 0, we obtain, f1 =2i4 +1,f2=3ib +2
assuming my = 10, i.e. BJ...][10], we get,

delinearization valid when 1 = rn =1, max f2=5 < 10

delinearization valid when rp = rn =2, max f2=8 < 10 g%ﬁ

delinearization invalid when n = rn =3, max f2=11 £ 10 *
Western
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Examples (11/11) - Triangular domain
for (int i_1 = 0; i1 <= r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

Q@ max i =, max ip = | %]

Western

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024 17 /21



Examples (11/11) - Triangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (dnt i_2 =0; i_1 + 2 % i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m 2 +m 2+ 3 % i_2 + 2] = ..

L)

Q@ max i =, max ip = | %]
Q Tl:27T2:07T3:1aT4:0aT5:3aT6:2
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Examples (11/11) - Triangular domain
for (int i_1 = 0; i1 <= r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

Q@ max i =, max ip = | %]
Q Tl:27T2:07T3:17T4:0aT5:3aT6:2

Q@ ax="b="f1=2hr=0,fio=1,fa1 = —2bp,f0 =3, 0 =2—b
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Examples (11/11) - Triangular domain
for (int i_1 = 0; i_1 <= r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

Q@ max i =, max ip = | %]
(2] Tl:27T2:07T3:17T4:0aT5:3aT6:2
Q@ a="b="f1=2Hy=0,fig=1,f1 = —2by,fro =3,fg =2—bp

@ the validity condition —rlbgaz—2 +3mn+2-— bgi < aosmo + by
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Examples (11/11) - Triangular domain
for (int i_1 = 0; i_1 <= r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

Q@ max i =, max ip = | %]

@ T1=2To=0T3=1T4=0Ts=3,Tg=2

Q@ ax="b="f1=2Hry=0,fig=1,fr1 = —2by, fo0 =3,f0 =2—b>
@ the validity condition —rlbgaz—2 +3mn+2-— bgi < aosmo + by

@ evaluating at ap = 1, b, = 0, we obtain, f1 =2 +1,f2=3i +2
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Examples (11/11) - Triangular domain

for (int i_1 = 0; i_1 <= r_1; i_1 ++)
for (dnt i_2 =0; i_1 + 2 % i_2 <= 1r_2; i_2 ++)

A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

000000

max iy = r,max b = [ 3|

Ti=2To=0T3=1T4=0Ts=3,Tg =2
ay =7 by =7 f1 =2k =0,f1g=1,fr1 = —2by, fo0 =3, f0 =2— b
the validity condition —rlbgaz—2 +3rn+2 - bgi < aosmo + by
evaluating at ap = 1, bp = 0, we obtain, f1 =2/ +1,f2=3ib +2
assuming mo = 10, i.e. B[...][10], we get,

delinearization valid when rp = rn =1, max f2=2 < 10
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Examples (11/11) - Triangular domain
for (dnt i_1 = 0; i_1 <=1r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

max iy = r,max b = [ 3|

Ti=2,Ts=0Ts=1T4=0Ts=3,Tg=2
ay =7 by =7 f1 =2k =0,f1g=1,fr1 = —2by, fo0 =3, f0 =2— b
the validity condition —I‘lbza% +3rn+2 - bgi < aosmo + by
evaluating at ap = 1, bp = 0, we obtain, f1 =2/ +1,f2=3ib +2
assuming mo = 10, i.e. B[...][10], we get,

delinearization valid when rp = rn =1, max f2=2 < 10
delinearization valid when r; = n =2, max f2=5 < 10

000000
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Examples (11/11) - Triangular domain
for (dnt i_1 = 0; i_1 <=1r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

max iy = r,max b = [ 3|
Ti=2,Ts=0Ts=1T4=0Ts=3,Tg=2

ay =7 by =7 f1 =2k =0,f1g=1,fr1 = —2by, fo0 =3, f0 =2— b
the validity condition —I‘lbza% +3rn+2 - bgi < aosmo + by
evaluating at ap = 1, bp = 0, we obtain, f1 =2/ +1,f2=3ib +2
assuming mo = 10, i.e. B[...][10], we get,

delinearization valid when rp = rn =1, max f2=2 < 10
delinearization valid when r; = n =2, max f2=5 < 10
delinearization valid when r; = rn =3, max f2=5 < 10

000000
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Examples (11/11) - Triangular domain
for (dnt i_1 = 0; i_1 <=1r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

max iy = r,max b = [ 3|
Ti=2,Ts=0Ts=1T4=0Ts=3,Tg=2

ay =7 by =7 f1 =2k =0,f1g=1,fr1 = —2by, fo0 =3, f0 =2— b
the validity condition —I‘lbza% +3rn+2 - bgi < aosmo + by
evaluating at ap = 1, bp = 0, we obtain, f1 =2/ +1,f2=3ib +2
assuming mo = 10, i.e. B[...][10], we get,

delinearization valid when rp = rn =1, max f2=2 < 10
delinearization valid when r; = n =2, max f2=5 < 10
delinearization valid when r; = rn =3, max f2=5 < 10
delinearization valid when 1 = rn =4, max f2=8 < 10 Sl

000000
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Examples (11/11) - Triangular domain
for (dnt i_1 = 0; i_1 <=1r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

Q@ max i =, max ip = | %]

@ T1=2To=0T3=1T4=0Ts=3,Tg=2

Q@ ax="b="f1=2Hry=0,fig=1,fr1 = —2by, fo0 =3,f0 =2—b>

@ the validity condition —I‘lbza% +3mn+2-— bgi < aosmo + by

@ evaluating at ap = 1, b, = 0, we obtain, f1 =2 +1,f2=3i +2

@ assuming mp = 10, i.e. B[...][10], we get,
delinearization valid when rp = rn =1, max f2=2 < 10
delinearization valid when r; = n =2, max f2=5 < 10
delinearization valid when r; = rn =3, max f2=5 < 10

delinearization valid when r; = rn =4, max f2=8 < 10 ™
delinearization valid when r; = rn =5, max f2=8 < 10 b-vé
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Examples (11/11) - Triangular domain
for (dnt i_1 = 0; i_1 <=1r_1; i_1 ++)

for (int 1_2 = 0; i_1 + 2 * i_2 <= 1r_2; i_2 ++)
A[2 * i_1 *m_ 2 +m 2+ 3 % i 2+ 2] = ...;

Q@ max i =, max ip = | %]

@ T1=2To=0T3=1T4=0Ts=3,Tg=2

Q@ ax="b="f1=2Hry=0,fig=1,fr1 = —2by, fo0 =3,f0 =2—b>

@ the validity condition —I‘lbza% +3mn+2-— bgi < aosmo + by

@ evaluating at ap = 1, b, = 0, we obtain, f1 =2 +1,f2=3i +2

@ assuming mp = 10, i.e. B[...][10], we get,
delinearization valid when rp = rn =1, max f2=2 < 10
delinearization valid when r; = n =2, max f2=5 < 10
delinearization valid when r; = rn =3, max f2=5 < 10
delinearization valid when 1 = rn =4, max f2=8 < 10 ™
delinearization valid when r; = rn =5, max f2=8 < 10 b-vé
delinearization invalid when r; = r, =6, max f2 =11 £ 10 Western
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Remarks and References

Concluding remarks

Summary and notes

@ In the area of optimizing compilers, delinearization of 1D array is a
necessary step before applying the techniques of the polyhedral model.

@ Current compilers use heuristics fail to delinearize some for-loop nests.

© Solving the delinearization problem is an algebraic problem with two
sub-problems: a polynomial system solving one and a QE one.

Q It is desirable to solve them at compile time as much as possible,
although some parameters are only known at execution time.

© We have shown that this is indeed possible for some classes of
delinearization problems (2D-2D and specific iterations domains)

Work in progress
@ We are currently extending our results to higher dimension
@ Solving the QE problem at compile time requires to improve existing
techniques for PILP (parametric integer linear programming) and/or
Presburger arithmetic.

Chirantan Mukherjee (ORCCA) The Delinearization of C programs April 9, 2024
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