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Abstract

In the paper, we continue our study on state complexity of combined opera-
k k

tions. We study the state complexities of Lj UL}, |J L}, LT N L3, and () L}
; i=1

=1 =
for regular languages L;, 1 < i < k. We obtain the exact bounds for these com-
bined operations and show that the bounds are different from the mathematical
compositions of the state complexities of their component individual operations.
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1. Introduction

State complexity is a type of descriptional complexity based on finite au-
tomaton model. It is the study of the number of states of finite automata. The
research on state complexity can be recalled to 1950’s [20]. Up to today, mo-
tivated by new applications of regular languages that require automata of very
large sizes, state complexity has received increased attention. Many results on
the state complexity of individual operations, such as union, intersection, cate-
nation, star, reversal, shuffle, power, proportional removal, and cyclic shift have
been obtained [1, 4, 5, 6, 11, 13, 14, 15, 19, 24, 25, 26].

On the basis of these results on individual operations, the research on state
complexity of combined operations was initiated in 2007 [22]. This is because,
in practice, the operation to be performed is often a combination of several
individual operations in some order. Since 2007, there have been a number of
publications on the topic of state complexity of combined operations. Most of
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the papers focused on the combinations composed of two individual operations,
e.g. (Ll U Lg)*, (Ll n Lg)*, (LlLQ)*, (Ll U LQ)R7 (Ll N LQ)R, (LlLQ)R7 etc [2,
3,7,8,9,10, 16, 17, 22]. These combinations can be viewed as basic combined
operations. The research on their state complexities is helpful for the work on
the combined operations whose structures are more complex.

The state complexity of a combined operation is usually not a simple mathe-
matical composition of the state complexities of its component individual oper-
ations, but much lower [22]. For example, let L be a regular language accepted
by an n-state deterministic finite automaton (DFA). The state complexity of L*
is 72" and the state complexity of L® of the reversal is 2. Then the mathe-
matlcal composmon of these two state complexities for the combined operation
(L) is 222", However, the state complexity of (L)* is only 2" [8]. Recently,
it has also been proved that there does not exist a general algorithm to compute
the state complexities of combined operations even if all the state complexities
of individual operations are known [23]. Thus, the state complexity of each
combined operation should be studied separately.

In [22], the state complexities of two combined operations were investigated:
(L(M)UL(N))* and (L(M)NL(N))*, where M and N are m-state and n-state
DFAs, respectively. An interesting question is what are the state complexities of
these combined operations if we change the orders of the component individual
operations. Therefore, in this paper, we study the state complex1tles of four

particular combined operations that are L7UL3, U Ly, LTNL5 and ﬂ L;. The
= k
combined operations LUL% and LN L3 can be viewed as special cases of |J L
i=1

and ﬂ L7, respectively. Since they are not only basic combined operations but
i=1
also the basis for the study on the latter two operations on k operands, we

investigate their state complexities separately.

We show that the state complexities of UL} and L{NL3 are both $52m+" —
%2’” 32" + 2 for m, n > 2, which are less than the mathematical comp081t10ns
of the state complexities of their component operations by 42’” + 32" 2. The
languages L1 and Lo are accepted by m-state and n-state DFAs, respectively.

k k
For |J L} and () L}, we prove that their state complexities are also the

=1 i=1

same:
k i—1 k 3
-2 10 J2v - [ G2+
i=1j t=i+1

for n; > 2, where L; is an n;-state DFA language, 1 < i < k, £ > 2, and
k

g = >_ n;. The state complexities are less than the mathematical compositions
i=1

k-1 k
by »ITT(52% —1) IT (§2™)]—1.
i=1 j=1 t=it1
In the next section, we introduce the basic definitions and notations used in



the paper. In Sections 3, 4, 5 and 6, we investigate the state complexities of

k k
LyulLs, \J L;, LiNLs, and () L}, respectively. In Section 7, we conclude the
; i=1

=1
paper.

2. Preliminaries

A DFA is denoted by a 5-tuple A = (Q, X, 4, s, F'), where @ is the finite set
of states, ¥ is the finite input alphabet, § : @ x ¥ — @ is the state transition
function, s € @ is the initial state, and F' C @ is the set of final states. A DFA
is said to be complete if §(g, a) is defined for all ¢ € @ and a € 3. All the DFAs
we use in this paper are assumed to be complete. We extend 6 to Q x ¥* — Q
in the usual way.

In this paper, the state transition function ¢ is often extended to 5:29xY —
29, The function § is defined by §(R,a) = {6(r,a) | r € R}, for R C Q and
a € . We just write § instead of § if there is no confusion.

A word w € ¥* is accepted by a finite automaton if §(s,w) N F # 0. Two
states in a DFA A are said to be equivalent if and only if for every word w € ¥*,
if A is started in either state with w as input, it either accepts in both cases
or rejects in both cases. A language is said to be regular if and only if it is
accepted by a DFA. The language accepted by a DFA A is denoted by L(A).
The reader may refer to [12, 21, 27] for more details about regular languages
and finite automata.

The state complexity of a regular language L, denoted by sc(L), is the number
of states of the minimal complete DFA that accepts L. The state complexity
of a class S of regular languages, denoted by sc(5), is the supremum among all
sc(L), L € S. The state complexity of an operation on regular languages is the
state complexity of the resulting languages from the operation as a function of
the state complexity of the operand languages. Thus, in a certain sense, the
state complexity of an operation is a worst-case complexity.

3. State complexity of L} U L}

We first consider the state complexity of L} U L3, where L; and Ly are
regular languages accepted by m-state and n-state DFAs, respectively. It has
been proved that the state complexity of L7 is %27” and the state complexity of
Ly U Ly is mn [18, 26]. The mathematical composition of them is %2™*". In
the following, we show this upper bound of the state complexity of L7 U L3 can
be lowered.

Theorem 3.1. For any m-state DFA M = (Qur, X, 0nr, Sy, Far) and n-state
DFA N = (QN,Z,(SN,SN,FN) such that |FM - {S]\/[}‘ =k > 1, |FN - {SN}| =
[>1,m>2,n>2, there exists a DFA of at most

(2m—1 _,_2771—]@—1)(277,—1 +2n—l—1) _ (2m—1 +2m—k—1) _ (271—1 +21’L—l—1) +2

states that accepts L(M)* U L(N)*.



Proof. Let M = (Qur, X, 001, S0, Far) be a DFA of m states, m > 2. Denote
Fyr—{sm} by Fo. Then |Fy| =k > 1. Let N = (Qn, 3, dn, Sy, Fiv) be another
DFA of n states, n > 2. Denote Fy — {sy} by Fi and |Fy| =1 > 1. Let
M = (QM/,E,(sM/,SM/,FM/) be a DFA where

sy ¢ Qu is a new initial state,

Qur ={sm}U{P | P S (Qu — Fy) & P # 0}
U{RIRCQuy & sy € R& RNEy #£ 0},

Fyp ={sm}U{R|RC Qu & sy € R & RN Fyy # 0},

and for R C Qj and a € X,

S (sarr, a) = {om(snm,a)}, if dnr(sam,a) N Fy = 0
MIEMBE) = {6a(sar,a)y U {sar}, otherwise,

S (R a): {6M(R,a)}, if(sM(R,a)ﬂF():@;

M {0m(R,a)} U{sp}, otherwise.
It is clear that M’ accepts L(M)*. In the second term of the union for Qs
there are 2% — 1 states. And in the third term, there are (2¥ — 1)2m—*—1
states. So M’ has 2™~ ! + 2m~k=1 gtates in total.

Symmetrically, we can construct a DFA N’ = (Qn/, %, N7, SN/, Fnv) of

2n—1 4 2n=1=1 gtates that accepts L(N)*. Now we construct another DFA
A=(Q,%,6,s, F) where

s = (Sm,8N"),

Q=A0G7) i€ Qu —{sm},j€Qn —{sn}}U{s},

5(<Zv.7>7a’) = <61\/f’(i7a‘)a6]\7'(ja a)>7 <Zv.7> € Q7 ac Z7

F:{<Z,]> EQ‘iEF]V[/ OIjEFN/}.
We can see that

L(A)=L(MYUL(N')=L(M)*UL(N)*.

Note (spr,j) ¢ Q, for j € Qn' — {sn'}, and (i,sn7) ¢ Q, for i € Qarr — {sm+},
because there is no transition going into sp;s and sys in the DFA M’ and N,
respectively. There are (27! 4 2m=k=1) 4 (n=1 4 on=l=1) _ 2 guch states.

Thus, the number of states of minimal DFA that accepts L(M)* U L(NN)* is no
more than

(2777,71 4 2m7k71)(2n71 4 2n7l71) _ (2m71 4 2m7k71) _ (2?7,71 4 2n7l71) 4 2.
O

If spr and sy are the only final states of M and N, respectively, (k =1 = 0),
then L(M)* = L(M) and L(N)* = L(N).



Corollary 3.1. For any m-state DFA M = (Qnr, X, 001, Sa, Far) and n-state
DFA N = (Qn,%,0n,8N,Fn), m > 2, n > 2, there exists a DFA A of at most

9 3 3
—gmitn _ Zom _ Zon 4 9
16 4 TR

states such that L(A) = L(M)* U L(N)*.

Proof. Let k and [ be defined as in the previous proof. There are four cases in
the following.
(I) ¥ =1=0. In this case, L(M)* = L(M) and L(N)* = L(N). Then A
simply needs at most m-n states, which is less than 1—962’”*"— %2” — %2"4—2
when m,n > 2.

(II) £k > 1,1 = 0. We can see that L(M)* U L(N)* = L(M)* U L(N). The
state complexity of L(M)* U L(N) has been proved to be 22™ - n —n + 1
in [10] which is less than the upper bound in Corollary 3.1 when m,n > 2.

(ITIT) k=0, 1 > 1. The case is symmetric to Case (II).
(IV) k> 1,1> 1. The claim is clearly true by Theorem 3.1.
O

Next, we show that the upper bound %2”‘“‘" — %2’” — %2” +2 can be reached
when m,n > 2.

Theorem 3.2. Given two integers m > 2, n > 2, there exist a DFA M of m
states and a DFA N of n states such that any DFA accepting L(M)* U L(N)*

needs at least 9 5 3
16 4 4 *

states.

Proof. Let M = (Qun, X, 00,0, {m —1}) be a DFA, where Qp = {0,1,...,m —
1}, ¥ = {a,b, c,d} and the transitions of M are

op(i,a) =i+ 1modm,i=0,1,...,m—1,

00(0,0) =0, 0ps(i,0) =i+ 1modm,i=1,...,m—1,
Sarlive) =i, i=0,1,...,m— 1,

Spm(iyd) =i,i=0,1,...,m— 1.

The transition diagram of M is shown in Figure 1.
Let N = (Qn,%,6n,0,{n — 1}) be another DFA, where Qn = {0,1,...,n— 1}
and

Sn(ia)=i,i=0,1,....,n—1,
Sn(ib)=d,i=0,1,...,n—1,
On(i,¢c)=i+1modn,i=0,1,...,n—1,

On(0,d) =0, 00(i,d)=i+1modn,i=1,...,n— 1.



b,c,d c,d c,d c,d

Figure 1: Witness DFA M for Theorems 3.2 and 5.2

a,b,d a,b a,b a,b

Figure 2: Witness DFA N for Theorems 3.2 and 5.2

The transition diagram of N is shown in Figure 2.

It has been proved in [26] that the minimal DFA that accepts the star of an
m-state DFA language has %2’” states in the worst case. M (N) is a modification
of the worst-case example given in [26] by adding ¢- and d-loops (a- and b-
loops) to every state. So we can design a %2m—state, minimal DFA M’ =
(Qun7, X, 0py Spvy Farr) that accepts L(M)*, where

sy ¢ Qv is a new initial state,

Qm = {sm}U{P| P C{0,1,...,m—2} & P # 0}
UWR|RC{0,1,....m—1} & 0€ R & m—1 € R},

Fy={sm}U{ReQm |RC{0,1,....m—1} & m—1€ R},

and for RC Qp, R€ Qp and a € X,
om(smrya) = {0m(0,a)},

[ om(R,a), ifm—1¢dy(R,a);
Onr (R, a) = { v (R,a) U {0}, otherwise.

In a similar way, a %2“—state, minimal DFA N’ = (Qn+, X, 0N, N7, Fiv/) can be
constructed to accept L(N)*.
Then we construct the DFA A = (Q, X, 0, s, F) that accepts L(M)* UL(N)*



exactly as described in the proof of Theorem 3.1, where

s = <SM/,SN/>,

Q={{7) [i€Qum —{sm},j € Qn — {sn}}U{s},
6((4,5),a) = (O (i, a),0n: (4, @), (i,7) € Q, a € 5,
F:{<Z,]>€Q‘Z€FM/ orjEFN/}.

Now we need to show that A is a minimal DFA.

(I) All the states in @ are reachable.
For an arbitrary state (i, j) in @, there always exists a string wjws such
that 6({sp, snr), wiwse) = (i, 5), where

5M/(SM/,’LU1) = i, w1 € {a,b}*,
(51\[/(5]\[/,11)2) = j, Wy € {C, d}*

(IT) Any two different states (i1, j1) and (ia, jo) in @ are distinguishable. With-
out loss of generality, assume that i; # i. Since i1,i2 € @)y, there exists
a word w such that dps/ (i1, w) € Fap and 0py0 (o, w) ¢ Fayr. Then the two
states (i1, 71) and (ia, j2) can be distinguished by the string wd™ because

6((i1, ja), wd™) € F,
6(<i2aj2>7wdn) ¢ F7

Since all the states in A are reachable and distinguishable, the DFA A is minimal.
Thus, any DFA that accepts L(M)*UL(N)* has at least %2+ —32m _39n4.9
states. O

This result gives a lower bound for the state complexity of L(M)* U L(N)*.
It coincides with the upper bound in Corollary 3.1. So we have the following
Theorem 3.3.

Theorem 3.3. For any integer m > 2, n > 2, 1%2’”"’” — %27” — %2" + 2

states are both sufficient and necessary in the worst case for a DFA to accept
L(M)*UL(N)*, where M is an m-state DFA and N is an n-state DFA.

When m =1, n > 2, L(M) is either () or ¥*. Then the state complexity of
L(M)* U L(N)* is the same as that of L(N)* which is 22". When m =n = 1,

oy -{ ] 1408

The state complexity of L(M)* U L(N)* is 2 in this case.
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4. State complexity of |J L}

=1

*
7

k
In this section, we investigate the state complexity of |J LI, where L; is

=1
a regular language accepted by an n;-state DFA, 1 < i < k, k > 2. Since
the state complexity of L} is %2"1' and the state complexity of L; U L;41 is
n;n;p1 [18, 26], the mathematical composition of them gives an upper bound
k k
[T 22™ to the state complexity of |J L}. In the following, we first show that

i=1 i=1
the upper bound can also be lowered.

Theorem 4.1. For any n;-state DFA N; = (Qn,,%Z,0n,,SN,, Fn,) such that
|y, —{sn,}=1;>1,n;>2,1<i<k, k>2, there exists a DFA of at most

k i—1 k
H(2ni71+2’ni7li71)_Z[H(2njfl+2njfljfl_1) H (2nt71+2nt7lt71)}+1
i=1 i=1 j=1 t=i+1

k
states that accepts |J L(N;)*.

i=1

Proof. Let N; = (@Qn,, %, 0N, SN,, Fn,) be a DFA of n; states, n; > 2,1 <i <k,
k > 2. Denote Fy, — {sn,} by T;. Then |T;| = I; > 1. We construct the DFA
N/ = (@7, 2, 0Ny, N7, Fiyy) for L(N;)* in a similar manner to the proof of
Theorem 3.1, where

sy; & Qn; is a new initial state,

Qn; ={sn}U{P [P C(Qn, —T;) & P #0}

U{R|RQQN1 &SNi ER&RmTi#Q},
FN; Z{SNJ}U{R|RQQN1. & sy, € R & RN Fy, # 0},

and for R C Qn,, R€ Qn; and a € X,

On (snra) = 4 Lom(swi @)}, if O, (snv., ) T, = 0;
NASNG {6n,(sn;,a)} U {sn,}, otherwise,
Sy (R,a) = {on; (R, a)}, if on, (R,a) N T; = 0;
NGB {6n,(R,a)} U {sn,}, otherwise.
Clearly, N/ accepts L(N;)*. There are 2"l — 1 states in the second term of
the union for Qu; and (2" — 1)2"~1~1 states in the third term. So N has

oni—l 4 gni—li—1 gtates in total.
Now let A =(Q, X, 4, s, F) be another DFA, where

8= (SNJsSNys- -+ SN/ )5

Q= {(p1,p2,--.,pk) | Pi € Qny — {sn},1 < i < kpuU{s}h
6({p1,p2, -, Pk)> @) = (O (P1, @), Ony (P2, @), - -, Ony (PEs @), @ € X,
F={(p1,p2,...,pk) € Q| Ji(p; € Fn;, 1 <i < k)}.



It is easy to see that

Note that the state (p1,...,pi—1,5n/,Pit1,---,Pk) & Q if p; € QN/ — {sN/}
1 <1i,j <k, j#1i, because there is no ingoing transition to the new initial state

syy in the DFA Nl’. There are

koi—1 k
Z[H(2nj—1 + onj—li—1 _ 1) H (2m—1 + 2m—lt—1)] 1
i=1 j=1 t=i+1

such states in total. Thus, we obtain the upper bound shown in Theorem 4.1.
O

Next, we consider the case when I; = 0, 1 < ¢ < k, combine it with Theo-
rem 4.1, and get a general upper bound.

Corollary 4.1. Let N; = (Qn,,%,0n,,5n,, Fn,) be an arbitrary n;-state DFA,
k

where n; > 2,1 < i<k, k>2. Denote Y. n; by g. Then there exists a DFA
i=1

of at most
3 koizl g kg
(Drer = SIIG2e -0 T G2ml+1
=1 j5=1 =1+1

k
states that accepts |J L(N;)*.
i=1

Proof. Let l; be defined as in the proof of Theorem 4.1. When I; = 0, sy, is
the only final state in N; and we know that L(N;)* = L(N;). Thus, in the

construction of the resulting DFA A for U L(N;)*, the DFA N; can be used to

replace N/, which reduces the size of the state set of A. When every [; > 1, the
corollary is true by Theorem 4.1. O

Next, we show that the upper bound in Theorem 4.1 is reachable when every

Theorem 4.2. Given an integer n; > 2, there exists a DFA N; of n; states
k
such that any DFA accepting |J L(N;)* needs at least

i=1

5 koisl g Eog
(Z)ng - Z[H(ZQW -1) H (12"")] +1
i=1 j=1 t=it1

k
states, where 1 <i <k, k>2, and g= > n,.
i=1



Proof. Let N; = (Qn,,%,0n,,0,{n;—1}) be a DFA, where Qun, = {0,1,...,n;—
1}, ¥ ={ai; | 1 <i<k,j€{1,2}} and the transitions of N; are

dn;(p,a;in) =p+1modn;, p=0,1,...,n, — 1,
On;(0,a;2) =0, 0N, (p,a;2) =p+1modn;, p=1,...,n; — 1,
6Ni(pac) =p,C S Z - {ai,lvai,Q}a pP= 0,17' ey Ny — 1
The transition diagram of NN, is similar to Figure 1.
As we mentioned before, it has been shown in [26] that the minimal DFA
that accepts the star of an n;-state DFA language has %2"” states in the worst
case. N; is also a modification of the witness DFA shown in [26] by adding

c-loops to every state, where ¢ € ¥ —{a; 1,a;2}. So we can design a %Q”i—state,
minimal DFA N/ = (QN{’ 3, 0N, sN{,FNg) that accepts L(N;)*, where

sn; & Qn; is a new initial state,

Qn: = {sn}U{P| P C{0,1,...,n; — 2} & P # 0}
U{R|RC{0,1,...,n;,—1} & 0€ R & n; — 1 € R},

FN{:{SN;}U{RGQN{\Rg{O,l,...,ni—l}&ni—leR},

and for R C Qn,, R € Qn; and a € %,
6Ni’ (SN[ ya) = {0n,(0,a)},
| on,(R,a), ifn, —1¢ dn,(R,a);
On; (R, a) = { On,(R,a) U{0}, otherwise.

Then we construct the DFA A = (Q, %, 4, s, F') that accepts LkJ L(N;)* ex-
actly as described in the proof of Theorem 4.1, where =
8 = (SNJsSNys- -+ SN/ )s
Q= {(p1,p2,---,0k) | Pi € Qns — {sn7},1 < i <k} U {s},
S((p1;p2, - - - pk),a) = (Ony(P1,a), 0Ny (P2, @), - - ., 0Ny (Ps @), @ € X,
F={(p1,p2,...,pr) € Q| Ji(pi € Fn;, 1 <i <k)}.

In the following, we show that the DFA A is minimal.

(I) All the states in @ are reachable.
For an arbitrary state (p1,pa2,...,pr) in Q, there always exists a string
wiws - - - wg such that §(s, wiwsy - - -wg) = (p1,p2, - - ., Pk), Where

On: (i wi) = piy wi € {ain, a2}, 1 <i < k.

(IT) Any two different states (p1,pa,...,px) and (g1,92,...,qx) in Q are dis-
tinguishable.

10



Without loss of generality, we assume that p; # ¢;, 1 < i < k. Then there
exists a word w; such that

ny  no Mi—1 LS S (7
((p1,p2s-- -+ Dk), A120979 " Qj_1 oWil; ] o ak,Z) €F,
ny N MNi—1 MNi41 Nk
({1, q2,- -5 qr), A1 20979 " Qj_1 oWili g 9" ak,Q) ¢ F.

where w; € {ai71,ai,2}*, 5N1_r(pi,wi) S FN{ and (5Ni/(qi,wi) ¢ FN«E'
Since all the states in A are reachable and pairwise distinguishable, A is a

minimal DFA. Thus, any DFA that accepts U L(N;)* has at least (2)~29 —

i=1

- k
[H( 2" —1) [ (22™)] 41 states, where g = Z n;. O
1j=1 t=i+1 i=1

Mx-

i

This lower bound coincides with the upper bound in Corollary 4.1. Thus,
we obtain Theorem 4.3.

Theorem 4.3. For any integer n; > 2,

3., G b3
(P2 =3I G2m - I G+t
i=1 j=1 t=i+1

states are both sufficient and necessary in the worst case for a DFA to accept
k k

U L(N;)*, where N; is an n;-state DFA, 1 <i <k, k>2, and g= > n,.

i=1 i=1

5. State complexity of LT N L3

The state complexity of intersection on regular languages has been proved
to be the same as that of union [18, 26]. Thus, the mathematical composition
of the state complexities of star and intersection for L(M)* N L(N)* is also
19 2"”‘" In this section, we show that the state complexity of L(M)* N L(N)*
is L2mitn — 3gm _ 32" + 2 which is the same as the state complexity of the
combined operatlon L(M) UL(N)*.

Theorem 5.1. For any m-state DFA M = (Qnr, 2, 00, Sy, Far) and n-state
DFA N = (QN,E,(sN,SN,FN) such that |FM — {SM}‘ =k Z ]., |FN — {SNH =
[>1,m>2,n>2, there exists a DFA of at most

(2m71 4 2m7k71)(2n71 4 2n7l71) o (2m71 4 2m7k71) o (277,71 + 277,7171) 42
states that accepts L(M)* N L(N)*.

Proof. We can construct the DFA A for L(M)* N L(N)* which is the same as
in the proof of Theorem 3.1, except that the set of final states of A is

F={(i,j)eQ|ic Fy & j € Fn/}.

11



Thus, after removing the (27! 4+ 2m~—k=1) 4 (27~1 4 2n=I=1) _ 2 unreachable

states (s, j) € Q, for j € Qn' —{sn/}, and (i, sy7) ¢ Q, for i € Qur — {sm},
the number of states of A is still no more than

(27n—1 + 2m—k—1)(2n—1 + 2n—l—1) _ (27n—1 + 2m—k—1) _ (2n—1 + 2n—l—1) +2.
O

Now we consider the cases when M or N has no other final state except
sy or sy. The following corollary shows a general upper bound of the state
complexity of L(M)* N L(N)*.

Corollary 5.1. For any m-state DFA M = (Qnr, 2,00, SM, Far) and n-state
DFA N = (Qn,%,0n,8Nn,Fn), m > 2, n > 2, there exists a DFA A of at most
9 3 3

72m+n _ 72m _ 7271 2
16 4 4 +

states such that L(A) = L(M)* N L(N)*.

Proof. Let k and I be |Fay — {spr}| and |Fn — {sn}|, respectively. In a similar
manner to the proof of Corollary 3.1, we have

L(M)NL(N), ifk=1=0;
L(M)* N L(N)* =< L(M)*NL(N), ifk>1and!l=0;
L(M)NL(N)*, ifk=0andl>I;

Clearly, the third case above is symmetric to the second case. The state com-
plexities of L(M) N L(N) and L(M)* N L(N) are mn and 32™ -n —n + 1,
respectively [10, 18, 26]. They are both less than the upper bound shown in
Corollary 5.1. When k,l > 1, the corollary also holds by Theorem 5.1. O

Next, we show that this general upper bound of state complexity of L(M)*N
L(N)* can be reached by some witness DFAs.

Theorem 5.2. Given two integers m > 2, n > 2, there exist a DFA M of m
states and a DFA N of n states such that any DFA accepting L(M)* N L(N)*
needs at least %2’”“'” — %2”‘ — %2" + 2 states.

Proof. We use the same DFAs M and N as in the proof of Theorem 3.2.
Their transition diagrams are shown in Figure 1 and Figure 2, respectively.
Construct the DFA M’ = (Qu, 2,007, Sav, Farr) for L(M)* and the DFA
N' =(Qn',%,0n7, 8N, Fv) for L(N)* in the same way as in the proof of The-
orem 3.2.

Then we construct the DFA A = (Q, X, 0, s, F) that accepts L(M)* N L(N)*
exactly as described in the proof of Theorem 3.2 except that

F={(i,j)eQ|iec Fy & j € Fn/}.

In the following, we will prove that A is a minimal DFA. We omit the proof
for the reachability of an arbitrary state (i,j) in A, because it is the same as
that in the proof of Theorem 3.2. Next, let us prove that any two different
states (i1, 1) and (is, j2) of A are distinguishable.

12



1. i1 #io.
We can find a string w;ws such that

3((i1,J1), wiwg) € F,
d((i2, j2), wiws) ¢ F,

where

5M/(i1,w1) € Fy, 5M,(i2,w1) ¢ FM/’ wi € {a’ b}*’
Snv (1, w2) € Envy wo € {e,d}*.

2. iy = ig, j1 # Jo-
There exists a string wywsy such that
5(<i17j1>7w1w2) S F7
0((iz, j2), w1wz) ¢ F,

where

O (i1, wr) € Fr, wy € {a, b}™,
On(j1,w2) € Fnv, O (Jo, w2) & Fv, wo € {c,d}".

Since every state of A is reachable from its initial state and all the states are
pairwise distinguishable, A is a minimal DFA with %2’”*” — %2”‘ — %2” +2
states which accepts L(M)* N L(N)*. O

This lower bound coincides with the upper bound in Corollary 5.1. Thus,
the bounds are tight.

Theorem 5.3. For any integer m > 2, n > 2, 1%2””” — %Qm — %2" + 2

states are both sufficient and necessary in the worst case for a DFA to accept
L(M)* N L(N)*, where M is an m-state DFA and N is an n-state DFA.

When m = 1, n > 2, the state complexity of L(M)* N L(N)* is the same as
that of L(IN)* which is 227, because L(}M) is either () or ©* in this case. When
m=n=1,

LIM)*NL(N)* = { ;5*}’, i)ftlllzéiv\{i)se:. 0 or L(N) = 0;

Then the state complexity of L(M)* N L(N)* is clearly 2 when m =n = 1.

k
6. State complexity of (| L}
i_

*

7, where L; is an n;-

k

Next, we will investigate the state complexity of (| L
i=1

state DFA language, 1 < ¢ < k, k > 2. The mathematical composition of the

13



2
component operations of this combined operation is ] %2’“ which is the same
i=1

k
as that of |J L. This upper bound can also be lowered.
i=1

Theorem 6.1. For any n;-state DFA N; = (Qn,,%Z,0n,,SN,, Fn,) such that

|y, —{sn,}=1;>1,n;>2,1<i<k, k>2, there exists a DFA of at most
k i—1 k
H(2ni—l+2ni—li—1)_Z[H(2nj—l+2nj—lj—l_1) H (2nt—l+2nt—lt—1)}+1
i=1 i=1 j=1 t=i+1

k
states that accepts (| L(N;)*.
i=1

1=

k
Proof. The DFA A for (| L(N;)* can be constructed in a same way as in the

i=1
proof of Theorem 4.1, except that the set of final states of A is

Thus, the number of states of A is no more than the upper bound shown in
k

Theorem 6.1 which is the same as that for the state complexity of |J L(N;)* in
i=1

1=

Theorem 4.1. O

In a similar manner to the proof of Corollary 4.1, we obtain the following
corollary on the basis of Theorem 6.1, by considering the cases when N; has no
other final state except sy, (L(V;)* = L(N;)).

Corollary 6.1. Let N; = (Qn,,%,0n,,5n,, Fn,) be an arbitrary n;-state DFA,
k
where n; > 2,1 <i <k, k>2. Denote . n; byg. Then there exists a DFA

i=1
of at most

ki1 k
3 3 3on
(2= SMIG2e -0 I G2+
4 1124 A 4

i=1 j=1 t=i41

k

states that accepts [ L(N;)*.
=1

1=
Next, we show that the upper bound in Theorem 6.1 can be reached when
every n; > 2.

Theorem 6.2. Given an integer n; > 2, there exists a DFA N; of n; states
k

such that any DFA accepting (| L(N;)* needs at least
i=1

1=

3 . k i—1 3 B k 3 .
(Dr2e =Y I G2 -1 I (G2 +1
=1 j=1 =i+1

14



k
states, where 1 <i <k, k>2, and g= > n,.
i=1

Proof. We use the same DFA N; as in the proof of Theorem 4.2. Construct the
DFA N = (Qn:, %, 0n7, sy, Fivy) for L(N;)* in the same way as in the proof of
Theorem 4.2. /

Then we construct the DFA A = (Q, X, 0, s, F) that accepts L(M)* N L(N)*
exactly as described in the proof of Theorem 4.2 except that

Now we will show that A is minimal. The proof for the reachability of an
arbitrary state in A is omitted, because it is the same as that in the proof of
Theorem 4.2. Thus, we prove that any two different states (p1,pa,...,pr) and
(q1,92,---,qx) of A are distinguishable in the following.

Without loss of generality, we assume that p; # ¢;, 1 < i < k. Then there
exists a word wyws - - - wy, such that

6(<p1ap27 cee 7pk>7w1w2 o 'wk) S F7
6(<Q17q27"'an>7w1w2 wk) ¢ F.

where

wj € {aj1,a52}", oni(pj,w;) € Fyi, 1< j <k, j #1,
w; € {ai1,ai2}", On/(pi;wi) € Fny, On1(giswi) & Fyr.
Since all the states in A can be reached and are pairwise distinguishable,
k
the DFA A is minimal. Thus, any DFA that accepts [ L(N;)* has at least
i=1

1=

k-1 k k

(3)29 — S [TI (327 —1) I (32™)] + 1 states, where g = Y n;. O
i=1 j=1 t=i+1 i=1

This lower bound coincides with the upper bound in Corollary 6.1. Thus,

k
we obtain the state complexity of (| L(N;)*.
i=1

1=
Theorem 6.3. For any integer n; > 2,

k-1 k

(Dr2 =S G2 -0 [T G2+t
i=1 j=1 t=i+1

states are both sufficient and necessary in the worst case for a DFA to accept

k k
(| L(N;)*, where N; is an n;-state DFA, 1 <i <k, k> 2, and g= > n;.
i=1 i=1
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7. Conclusion

In this paper, we studied the state complexities of union of star and inter-

section of star. We obtained the state complexities of four particular combined
k k

operations that are LY U L3, |J Lf, LT N L; and () L} where L; is an n;-state
= il

DFA language, n; > 2, 1 < izg k, and k > 2. Tllle state complexities of these

combined operations are all less than the mathematical compositions of the

state complexities of their component individual operations.

Comparing with other known state complexities of combined operations, it
is interesting to see that the state complexities of L} U Ly and L} N Ly are the
same, and L7 U L5 and L} N L3 share the same state complexity, whereas the
state complexities of (L1 U Lg)* and (L; N Ly)* are different.

k k

One possible, future topic could be the state complexities of |J L} and () L}
i=1 i=1

on a smaller, fixed alphabet when k is also fixed. We also expect more results

on the state complexities of combined operations on k regular languages, which
are more general and closer to the nature of combined operations.
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